YHUBEP3MTET Y KPATYJEBLY
DaKynTeT HHKEHEPCKUX HayKa
bpoj: 01-1/3648-19
20.10.2022. roguHe
Kparyjesau

Ha npeanor Kateape 3a npUMereHy MeXaHWKy W ayToMaTtcko ynpasmare (bpoj 01-1/3523 oa
07.10.2022. ropuue) v 3axtes npod. ap Bnagumupa . Munosanosuha (bpoj 01-1/3424 op
05.10.2022. roauHe) a Ha ocHoBy [lpaBMAHKMKA O NOCTYNKY, HAYWHY BpEeAHOBaka M
KBAHTHTAaTUBHOM HCKA3MBaky HAYYHOMCTPAXMBAUKMX pe3yntata ucrpamusada ("Cn. rnacHuk
PC", dp. 24/2016 u 21/2017) v unaHa 173 Cratyta Qakynteta MHMKEHEPCKHX HayKa Yy
Kparyjesuy (bpoj 01-1/932 op 01.04.2021. roaune — npeunwhen tekct u bpoj 01-1/1638-7
oa 27.05.2022. roa.), HactasHo-HayuHo Behe MakynTeta HHKEHEPCKKUX HayKka y Kparyjesuy,
Ha ceaHKuM oapaHoj 20.10.2022. roaune, foHeno je

OAONYKY

| YcBaja ce npujasa TEXHWYKOr pewewa noa Hachosom: ,Ypehaj 3a oapehusamwe
KHHemaTckor KoedHuHjeHTa Tpewa JHHAMHUKH onTepeheHux KoHTakara“, uujy cy
aytopu: ap bpanko Taauh, penoeuu npodecop; ap Bnaaumup [1. MunosaHosuh,
BaHpeaHu npodecop; Anekcanaap lMetposuh, ucrpaxusay npunpasHuk, ap Cnoboaax
Mutposuh, pegoetu npodecop 1 /bumbana bp3akosuh, acucrenT.

Il Texuuuko pewewe ce ynyhyje MarnuHom ondopy 3a MAWKHCTBO W WHAYCTPHjCKH
codreep.

Oanyky A0CTaBUTH:

- Martuuxom oabopy MuHKcTapcTsa
- AyTtopuma
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Hacrasho-nayunom sehy @akynrera nhkerepckux Hayka Yuusepsutera y Kparyjesity
Maruusom HayyHOM 0100pYy 3a MALIMHCTBO W HHJYCTPHjCKH codTBep MUHHCTapCTBA NpocBeTe,
HayKe U TeXHOJIOLKOr pa3Boja

Y cknapy ca oapenbama IlpaBuinnka 0 noctynky, HaYMHY BPEAHOBAHKA M KBAHTHTATMBHOM
MCKa3uBatby HAYYHOMCTpaXKMBA4YKMX pesynrara ucrpakusaya (,,CnyxOenn rnacumk PCY, Op.
24/2016 1 21/2017) noaHocum

3JAXTERB

3a npujaBy TEXHUYKOr peliewa, 10j HasuBoM ., Ypehaj 3a oapehuBame kuHematckor
KoeuuujenTa Tpewa AnHaMu4KH ontepehennx konTakaTa®, Koje npunaza kareropuju M85
— HoBo Texuuuko peuewe y dasu peanuzauuje.

Aytopu TexHuykor pemiewsa cy: Ap bpauko Taauh, penosun npodecop; Jlp Baamumup 11,
Munosanosuh, Banpenun npodecop; Anekcangap Ilerposuh, ucrpaxusay-npunpasuuk; Jlp
Cnobonan Mutposuh, penosuu npodecop; p ., Jbumana bp3akosuh, acucrent.

Y npusiory jocraBibam:

1. JlokymeHTauujy npeanoxeHor TeXHMUKOr petietba ¢a CMcKoM panuje npuxsahennx
TEXHUYKHUX pellieiba 3a CBaKor 0j] aytopa

2. Pan nybnukosan y mehynapoanom yaconucy ., Tehnicki vjesnik - Technical Gazette “, u
paa npuxsaheH 3a nybnukosaise y Mel)yHapoaHom yaconucy ,, Romanian Journal of
Physics®, kojum cy BepH(UKOBAHH Pe3yJITATH NPEUIOKEHOT TEXHHUKOT pellietha

05.10.2019. ronune, [TopHocunal 3axTesa

Koaryi
y Kparyjesity \M)‘_AO()MQé‘_/t CBAW?%-—-/\?

ap Bunaaumup I1L Musoarokuh BaHp.leOLb.




OAKVIJITET UHXEBEPCKNX HAYKA
YHUBEP3UTET ¥V KPAI'YJEBILY

TEXHNYKO PEHIEILE

M85 HoBo TeXHUUKO peliewme y pa3u peanuzaiyje

Mertona 3a onpehuBame KHUHEMATCKOT KOS(UITU]EHTA
Tpekha JUHAMUAYKHU ONTEpPEheHnX KOHTaKara

AYTOPAU

bpanko Taguh

Bnagumup I1. MunoBanosuh
Aunexcannap [lerpouh
Cnobonan Mutposuh
Jbusbana bp3akosuh



[okymMeHTauuja TEXHUYKOr peLlera

Bpcra TeXxHHYKOr peliema
M85 — HoBo TeXHUYKO peliekhe y Ga3u peannusaimje

AYTOpH TEXHHYKOT peliemha

e JIp Bpanko Tanuh', penosuu npodecop
Jp Bragumup I1. Munosanosuh!, Banpennu npodecop
Anexcannap [leTpoBuh?, nCTpaXKUBaY-IPUIIPABHUK
Jp Crno6onan Mutposuh?®, penosan nmpodecop
Jbusana Bpsakosuh®, acuctent

! ®akynTer mmKemepcKux Hayka, YHuBep3uTeT y Kparyjeiyy
2PucrutyT "Muxajino [Tynun", Beorpan
% Axanemuja Ctpykouux Crymuja lllymanuja, Oncex Tpcrenuk

Ha3uB TeXHMYKOI peliemna
e Meroza 3a oapeljuBambe KUHEMAaTCKOT KOoe(UIMjeHTa Tpemha JUHAMUYKY onTepehennx
KOHTaKaTa

KibyuHe peun
e yOp3ame; CHepruja; Tpeme; yaap

Hapyuynian TeXHHYKOI peliesmha
e IleHTap 3a HHXXEHEPCKU COPTBEP U AMHAMHYKA UCIIUTHBaba, DaKynTeT HHXEHEPCKUX
Hayka, YHuBep3utet y KparyjeBiy

KopucHHMK TeXHHYKOT peliemna
o IleHTap 3a HHKEHEPCKU COPTBEP U AMHAMHYKA HCIUTHBAba, DaKynTeT HHKEHEPCKUX
Hayka, YHuBep3urerT y Kparyjesity

Hayun Bepuduxanuje pesyarara
e Pe3ynraTi TEXHUYKOT pelieka ¢y Bepru(ruKkoBaHH 00jaBJbeHUM pajioM y MehyHapoHOM
yaconucy kareropuje M23 u joIr jeqHIM pasioM Koju je nmpuxBaheH 3a mramiry y
MeljyHapoHOM Yacomnucy kareropuje M23.

I'opuna kaga je TexHU4KO pemierwe ypaheno
e 2019-2022.

Hayun xopumhema TeXHHYKOI peliemna
e VYpebhaj u pa3BujeHa MeTOzA C€ MIPUMEY]Y 3a EKIICIEPUMEHTAIHO oxpehuBame KHHEMAaTCKOT
KoeHuIIMjeHTa Tpema JUHAMUYKH onTepeheHnX KOHTaKaTa

Ko je npuxBaTno TeXHNYKO peliemhe
e  (dakynTeT HHXEHEPCKUX HayKa, YHUBep3uTeT y KparyjeBmy

O0J1acT TeXHHKE HA KOjy Ce TEXHMYKO pelielmhe 0JHOCH
e Tpubonoruja, Kontakran npodnemu, ExcriepumenTanna MmexaHuka
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1 Jlucra panuje npuxBaheHuX TEXHHUYKHUX pPellierha 3a CBAKOT 0/1 AyTOPAa MOjeIMHAYHO

1.1  Bpanko Taouh

[M82] Budak I., Tadi¢ B., Jeremi¢ B., Vukeli¢ D., Miljani¢ D., Todorovi¢ P., Hodoli¢ J., Industrijski
prototip uredaja za ispitivanje statiCke popustljivosti i nosivosti spoja elemenata za stezanje i radnog
predmeta, TR-35020, Metalik DOO, Niksi¢, Crna Gora, Novi Sad, 2012

[M83] Janko Hodoli¢, Branko Tadi¢, Porde Vukeli¢, NOVO EKSPERIMENTALNO POSTROJENJE
ZA SAVIJANJE TANKOZIDNIH CEVI PRIMENOM TOPLOTE GENERISANE TRENJEM, ALKA
DOO, Kragujevac, Republika Srbija, Fakultet tehnickih nauka u Novom Sadu, Masinski fakultet u
Kragujevcu, 2010

[M83] Tadié B., Babi¢, M., Mitrovi¢, S., Lazi¢, M., Vukeli¢, ., Univerzalni tribometar, TR-04/2010,
Laboratorija za tribologiju MaSinskog fakulteta u Kragujevcu, MasSinski fakultet, Kragujevac, 2010

[M83] Branko Tadié¢, Porde Vukeli¢, Petar Todorovié, Branislav Jeremi¢, Ivan MacuZi¢, Bojan
Bogdanovié¢, Novo eksperimentalno postrojenje za odredivanje dinamicke popustljivosti steznih i
oslonih elemenata pribora, TR-78/2013, GOMMA LINE, Kragujevac, 2013

[M84] Bobi¢ 1., Babi¢ M., Mitrovi¢ S., Vencl A., Bobi¢ B.,Tadi¢ B., Keramicki lonac elektrootporne
pedi za izvodenje kompokasting postupka, TR-08/2010, Preduzece ,,RAR®, Batajnica, Laboratorija za
materijale, INN ,,Vin¢a“, INN ,,Vin¢a“, 2008

[M84] Bobi¢ 1., Bobi¢ B., Babi¢ M., Mitrovi¢ S., Vencl A., Tadié B., Elektricna metoda za kontrolu
reolo§kog nanosenja poluocvrslih rastopa osnovnih legura I kompozita pri izvodenju reo/komnokasting
postupka, TR-07/2010, Preduzece ,,RAR®, Batajnica, Laboratorija za materijale, INN ,,Vinc¢a“, INN
,»Vinéa“, 2009

[M84] Porde Vukeli¢, Branko Tadi¢, Janko Hodoli¢, Jelena Mitrovi¢, Nenad Simeunovié, Specijalni
modularni sistem steznih pribora za obradni centar HURCO-500, IMT, Boljevac, Republika Srbija, FTN
Novi Sad, MF Kragujevac, 2010

[M84] Branko Tadi¢, Sasa Randelovi¢, Petar Todorovi¢, Porde Vukeli¢, Vladimir Ko¢ovi¢, Bojan
Bogdanovi¢, Marija Jeremi¢, Kruti alat namenjen za zavr$nu obradu metala kotrljanjem kuglice, TR-
88/2015, Metalik d. o. o., Trebjeska 6/26, Niksi¢, Crna Gora, Niksi¢, Crna Gora, 2015

[M84] Sasa Randelovi¢, Porde Vukeli¢, Petar Todorovi¢,Vladimir Kocovié, Bojan Bogdanovi¢, Lozica
Ivanovi¢, Branko Tadié¢, Optimizacija procesa zavrsne obrade kotrljanjem koglice po povrsini
predmeta obrade na osnovu dubine penetracije kuglice u materijal predmeta obrade, TR-89/2015,
Metalik d. o. 0., Trebjeska 6/26, Niksi¢, Crna Gora, Niks$i¢, Crna Gora, 2015

[M85] Tadié B., Babi¢ M., Mitrovi¢ S., Todorovi¢ P, Bobi¢ I., Zajednic¢ki merni sistem za univerzalni
tribometar-triboloski merni centar, TR-05/2010, Laboratorija za tribologiju Masinskog fakulteta u
Kragujevcu, Masinski fakultet, Kragujevac, 2010

[M85] Tadi¢ B., Marjanovi¢ N., Vukeli¢ B., Galovi¢ S., Uredaj za ostvarivanje ekstremno visokih
pritisaka, TR-16/2010, Laboratorija za obradu metala rezanjem, MaSinski fakultet, Kragujevac, 2010

1.2 Bnaoumup Il. Munosanoeuh

[M83] Miroslav Zivkovi¢, Aleksandar Digi¢, Radovan Slavkovié, Miroslav Ravli¢, Rodoljub Vujanac,
Dragan Raki¢, Milan Blagojevi¢, Vladimir Milovanovi¢, Uredaj za ispitivanje materijala pri velikim
brzinama deformacije - Zatezni Hopkinsonov $tap, TR-70/2012, Univerzitet u Kragujevcu, Fakultet
inZenjerskih nauka, Kragujevac, 2012

[M85] Rodoljub Vujanac, Radovan Slavkovi¢, Miroslav Zivkovié¢, Nenad Marjanovié, SneZana
Vulovi¢, Vladimir Milovanovié¢, Nova metoda za projektovanje i prorac¢un skladisnih sistema, TR-
53/2010, Ministarstvo za nauku Republike Srbije, Privatno preduzece ,,IC* Inzenjering d.o.o., Privatno
preduzece ,,Milanovi¢ InZenjering “ d.o.o., DP Zastava Masine, Kragujevac, Srbija, 2010
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1.3  Anexcanoap Ilemposuh

1.4  Cnooooan Mumposuh

[M83] Tadi¢ B., Babi¢, M., Mitrovié, S., Lazi¢, M., Vukeli¢, P., Univerzalni tribometar, TR-04/2010,
Laboratorija za tribologiju Masinskog fakulteta u Kragujevcu, Masinski fakultet, Kragujevac, 2010

[M84] Ilija Bobi¢, Miroslav Babi¢, Slobodan Mitrovi¢, Aleksandar Vencl, Biljana Bobi¢, Tehnologija
dobijanja kompozitnih materijala sa osnovom od ZA27 legure uz dodatak éestica Al,Os, TR-09/2010,
,,RAR®, Batajnica, Laboratorija za materijale, INN ,,Vin¢a“, Kragujevac, 2008

[M84] Bobi¢ 1., Babi¢ M., Mitrovi¢ S., Vencl A., Bobi¢ B.,Tadi¢ B., Keramic¢ki lonac elektrootporne
peci za izvodenje kompokasting postupka, TR-08/2010, Preduzeée ,,RAR®, Batajnica, Laboratorija za
materijale, INN ,,Vinc¢a*“, Kragujevac 2008

[M84] Ilija Bobi¢, Aleksandar Vencl, Miroslav Babi¢, Slobodan Mitrovi¢, Biljana Bovi¢, Tehnoloski
postupak dobijanja kompozita sa osnovom od Al7Si0,03Mg (A356 legure uz dodatak sitnih Cestica
A1203, TR-06/2010, ,,Petar Drap$in®“, Mladenovac, Laboratorija za materijale, INN ,, Vinca“,
Kragujevac, 2009

[M84] Bobi¢ I., Bobi¢ B., Babi¢ M., Mitrovi¢ S., Vencl A., Tadi¢ B., Elektri¢éna metoda za kontrolu
reolo§kog nanosenja poluocvrslih rastopa osnovnih legura I kompozita pri izvodenju reo/komnokasting
postupka, TR 07/2010, Preduzece ,,RAR", Batajnica, Laboratorija za materijale, INN ,,Vin¢a®, INN
,»Vinéa“, 2009

[M85] M. Eri¢, M. Pavlovi¢, S. Arsovski, M. Stefanovi¢, D. Tadi¢, M. Lazi¢, S. Grubor, S. Mitrovi¢,
Softver za reinzenjering tehnoloskih procesa, 04-2800, Centar za revitalizaciju industrijskih sistema,
MF Kragujevac, Kragujevac, 2008

[M85] Tadi¢ B., Babi¢ M., Mitrovi¢ S., Todorovi¢ P, Bobi¢ I., Zajednicki merni sistem za univerzalni
tribometar-triboloski merni centar, TR-05/2010, Laboratorija za tribologiju Masinskog fakulteta u
Kragujevcu, Masinski fakultet, Kragujevac, 2010

[M85] B. Nedi¢, S. Mitrovié¢, Softver za analizu signala i proracun parametara topografije povrsina,
TR-81/2014, Laboratorija za obradu metala i tribologiju, Fakultet inzenjerskih nauka Univerziteta u
Kragujevcu, Kragujevac, 2014

15 Jbuwmana bp3axosuh
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2 Omnmuc npo6JieMa KOju ce peliaBa TEXHHYKHUM pelleleM

Texanuko pememe kateropuje M85, Metona 3a oapehuBame KHHEMATCKOT KOoe(HUIIMjeHTa Tperma
JUHAMHUYKK onTepehieHnX KOHTaKaTa, Mpuiaaa o01acTH HayYHO-TEXHUYKUX yCIyra, TpUOOJIOTHjH Kao
MHTEPAMCIMIUIMHAPHO] HAYLIM U TEXHOJIOTHjH, MOCBeheHO] MHTEpaKIMji KOHTAKTHUX MOBPIIMHA TPH
PETaTUBHOM KpETamby.

[IpBa mybnmukoBaHa TEOpHjCKa WCTPAKWBama y Be3W ca onpehiBameM KHHEMATCKOT KOe(HIIMjeHTa
Tpema MPeKo AMHAMUYKE jeJIHAUYMHE KpeTama Tella HU3 CTpMy paBaH oOjaBuo je Euler 1748. romune.
CrnoGomHo ce Moxke pehr ja oBa MeTo/1a, HAXKaJIoCT, Hu nocie 274 roaunae y chepr Hayke, a moceOHO
y cthepu TeXHOJIOTHje POjeKTOBamka CaBpeMeHe TPHOO0-I1jarHOCTUYKE OTpeMe, HHje TOKUBENa MUPY
excnansujy. Y chepu Hayke, Marbu Opoj MyOIMKOBaHUX HCTPAXKUBama (MIPETEKHO y YaCOMUCUMA KOjH
MOKPHBajy 001acT eaykamnuje u3 odnactu ¢usuke) 6asupa ce Ha Euler-opum ucrpaxkupambuma WiH je
TaHTCHTaH Ca hHUMa.

Metona onmpehuBama KHHEMaTCKOr KoeulUjeHTa Tpema Ha 0a3u AudepeHujaTHuX jeAHadrHA
KpeTama je y CYIITHHU Be3aHa 3a Mepeme TpH OCHOBHe jenuHuue Sl cucrema mepa (Mace, BpeMeHa U
IOy>KHHE), ITO y TEOPUjCKOM, EKCHEPHMEHTATHOM M TEXHOJOIIKOM CMHCIY HpeICTaB/ba BEOMa
3HaYajHy MPETHOCT.

[Ipobnem koju ce pemraBa NPEAJOKCHUM TEXHUYKHM pellelheM MpUragaja TpUOOJIOTHjU Kao
MHTEPIUCIUILTNHAPHO] HAYIIM M TEXHOJIOTHjH KOja ce 0aBH MHTEPAKIIMjOM KOHTAKTHHUX TOBPIIWHA TIPH
pETaTUBHOM KpETamy jeJHOT Teja y OJHOCY Ha IPYyro TeJo y MPUCYCTBY ontepeherma 30He KOHTAKTa.
Onrepehema KOHTaKTa, ca acriekTa HUBoa onTepehema, Bpcre onrepehema (CTaTHUKO, TUHAMUYKO)
YCIIOBH Yy KOjUMa CE€ OCTBapyje KOHTAaKT (IPHCYCTBO Ma3WBa, nmoBehaHe Temmeparype, arpecuBHa
CpenuHa, ...) MOTY OWTH Pa3TUIHTH.

Pa3Boj MeTosne mpejcrasiba, y CYIITHHU pa3Boj ypehaja 3a oapehuBame KMHEMATCKOT KoeduIMjeHTa
Tpema. Pa3Boj MeToie nmojpasymeBa: pa3Boj TeOpHjcKe 0a3e MeTo/ie, pa3Boj mpoToruna ypehaja, pa3poj
codTBepa W eKCIEpUMEHTAIHY Bepudukanujy merone. obOujerm pesynrtatu Tpeba ga yKaxy Ha
MIPEeTHOCTH METOJIe M 00IacTH Moryhe nmpuMeHe npeaokeHe Metoie 1 ypehaja y oqHocy Ha mocrojehe,
y CBETY pa3BHjeHe MeTo/ie ojpejuBama KHHEMATCKOT KOe(HIINjEeHTa TPEHba.

Kunemarckn koehuIMjeHT Tpema ce, TeHepaTHO IOCMAaTpaHoO, Y CBHM YCIOBMMa onrtepehema
KOHTaKTa, MOXKE€ OIPENTH JIPyTaurjuM MeTo/laMa y OJIHOCY Ha mmoctojehe MeTone Koje ce 3acHUBajy Ha
Mepewy HHBOa onTepehiea KOHTaKTa U Mepely CHlie Tpema. MeToa Koja ce nmpesiaxke 3acHUBa ce Ha
onpehrBame KUHEMATCKOT KOoe(pHIMjeHTa Tpema NPEeKo JUHAMUYKE jeJHaYMHE KpeTama Tela IMpH
oOpTamy oko HenmomuyHe oce. [Ipm yeMy akTMBHA cuiia Ha OOPTHO TENO JeNyje caMO y TPEHYTKY
MHHIHPamka KpeTama.

WNunnupame kperama (00pTama) MOKe ce U3BECTH MaHYeJIHO (PYYHO), UMITYJICOM CHIIE yaapa, MPeKo
eNIEKTPOMarHeTHe CIIOjHUIIC WM Ha JpYyraduju HaunH. VHUIMpame KpeTama akTHBHOM CHIJIOM HUMa 32
Wb Ja y CHUCTEeMy KpeTama akyMmysmpa ojpeljeHy KonWumHy €Hepruje M Ja CHCTeM Ha 0as3u
aKyMyJIMpaHe eHepryje HaCTaBu KpeTame | TI0CIIe MMPEeCcTaHKa JejCTBa aKTUBHE CHJIE KOja je MHUIMpaa
KpeTame, nposazehn Kpo3 uuTaB crekTap Op3uHa, O] MaKCUMallHe MHUIMpaHe Op3uHe Ma J0 HyJTe
BPEIHOCTH Op3MHE 00pTama y TPEHYTKY 3ayCTaBJbarba KpeTamba.

Upneja mpemyokeHe MeToJlie CBOJAM Ce Ha UYMILCHHUIYy Ja ce TOo3HaBameM (MpahemeM U MepemeM)
MIPOMEHE yriia 00pTama y QYHKIHMjH BPpeMeHa, peko audepeHInjaiHe jeJHauuHe KpeTamba Tella Mpu
00pTamy OKO HETTOMUYHE 0CE, MOTY OJIPEINTH TPEHYTHE BPETHOCTH KHHEMATCKOT KOS(HIIN]eHTA TPeHha
y YHTaBOM CIIEKTpY Op3uHa oOpTama Kpo3 Koje TeJo MpoJia3h O]l TPEHYTKa WHHIMpama KpeTama J0
TPEeHyTKa MPECTaHKa 00pTama.

3 Crame pemieHOCTH NPodIeMa KO HAC
Konuko je ayropuma moznaro, y CpOuju He MOCTOjU HHMjeIHA Apyra rpymna koja ce 0aBu pa3BojeM

Merona 3a oapehuBambe KMHEMAaTCKOI KOe(pHIHMjeHTa TPeHmha KaKo y MAIIMHCTBY Tako M y 00JacTH
TpHuOOJIOTH]E.
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4  Crame pelieHOCTH NMpodJieMa y CBeTy — IPUKAa3 U aHAJIu3a nocrojehux pemema

[IpBo 00jaBIbEHO TEOPH)CKO UCTPAKHUBAKE BE3aHO 3a onpehuBame KMHETHUKOT Koe(HUIljeHTa Tpema
KopHumhemeM TUHAMIYKHX jeTHaYHa KpeTarmba 3a TeNo Koje ce kpehe Hajone Hu3 cTpMy paBaH 00jaBHO
je Euler 1748. roaune. PamoBu 3acHoBanuM Ha (Wi moBe3aHu ca) Euler-oBum wucrpaxuBamuma
YIJIaBHOM ce 00jaBJbyjy y 4acOMMCHMa KOjU ce THUYy 00pa3oBama u3 obaactu ¢pusuke. [lpumepe TakBux
HCTpaKUBara MPEICTABIbA]y PAJIOBH Y KOjIMa C€ Ha OCHOBY aHAJIM3€ KpeTama Teja M0 CTPMOj paBHU
KOj€ 1moJia3e oJ1 jeJHaYNHa KpeTama 1 YCIIOCTaBbeHUX OJIHOCa n3Mel)y koeulmjeHTa Tpema KOTpJbarba
u yop3ama [1], [2] wiu npare HennHeapHe MpOMEHE KOS(HIIM]EHTa TPeHa KOTpJbamba Kao (YHKIIH)Y
,ryouraka“ eaepruje [3].

IMojenuuu ayropu [4] ce GaBe AMHAMHUKOM POTAI[MOHOT KpeTarma, pa3Bujajyhin jeHOCTaBaH METO] 3a
eKcriepuMeHTaTHo onpehuBame ryduTaka 300r Tpema. [Ipumemyjyhu ognoce n3mely TpanciatopHor
U POTAIMOHOT KpeTama, yKasyjy Ha JIMHeapHy 3aBUCHOCT TyOHTaKa ycliea Tpemba, T) MOMEHTa Tpemba,
Ha yraoHy Op3uny. [Iyonukarmja [5] mpeacraBiba mpuMeHy jeTHOCTABHOT Jlaboparopujckor ypehaja 3a
npoydaBame edekara Tpema u3Mely Ba AucKa KOju Jloja3e y KOHTaKT, OJ KOjUX je jeAaH MOKpeTaH a
npyru He. Kunemarcku koedunujeHT Tpema oapel)eH je Ha OCHOBY HEKOJIMKO OCHOBHHX IMapameTapa,
HauMe, 3aKJbYUYCHO je J1a 3aBUCH OJ1 IOJTYNIPEeYHIKA CTAllMOHAPHOT JIMCKa, yOp3ama 3eMJbUHE TeXe, U
yraoHOT yOp3ama JAPYyror JIUCKa.

HOCTOjC PA3IUINUTEC CKCICPUMEHTAIHEC TEXHUKE 3a UCIIUTUBAKLC JTUHAMUWYKOT [TOHallakba TPCHha I/I3Meby
JIBA MaTepHjalia y 3aBUCHOCTH 011 Op3uHe Kiu3ama. [la Ou ce mocturie Behe 6p3nHe u Behu HOpMamHI
HPHUTHUCIH O] OHUX KOjHU Ce BHJIE y arapary Ha pin-on-disk, paznuuure metone cy kopuiheHe 3a TeCTOBe
JUHAMHUYKOT Tpewma. Y OBOj CTYAHWjH je MpeJCcTaB/hbeHa HOBA EKCIIEPUMEHTAIHA METO/a KOja KOPUCTH
Kolski 3are3ny mmmnky 3a ompehuBame IUHAMHYKOT KOC(PHIMjEeHTa Tpema u3Mely MeTalHHX
Matepujana. Tpubodpukimonu ypehaj je maxxJpUBO MHU3ajHUPAH Ja ONlaKIa KIIM3amke Ha nHTepdejcuma
KaJa je TOABPrHYT IMHAMHUYKOM 3are3HoM onrtepehemy. Kao HaumH Ja ce MpOICHU HOBA
EKCIIEPUMCEHTAIHA METO/I0JIoTHja, oapel)eH je KoeUuIMjeHT Tpemha u3Mel)y Yenuka U amyMUHHjyMa ca
JIBE PA3NMYUTE XParmaBOCTH MpH Op3WHH KiIH3ama oA 8§ m/s. Merona mpeacTaBibeHa y OBOj CTYIHjH
MoKasana ce Kao MOy3JaH M NMOHOBJBMB HAYMH MEperma JTUHAMHYKOT KOoe(HIMjeHTa Tpema H3Mehy
MeTanHuX Matepujaia. [IpuMapHa npeaHOCT OBE METO/E Y OJHOCY Ha JIpyre y JIUTEPaTypH je y TOMe
IITO Cy MOTpeOHe MUHUMAaITHE MoanduKaije mocrojehnx objexkara Kolski 3are3nux mmmnku [6].
PesynraTu ucTpakuBama JaTH y OKBUPY JIMTEPATYPHOT HaBoa [ 7] MpeACTaBIbajy ONTHMAIIHY aHATU3Y
3a Ta4yHy NpOIEHY JWHAMUYKOT Koe(duIMjeHTa Tpema moMohy Tpubomerapckor ypehaja.
TponumensnoHamHu Mozen koHauHux enemeHara (FEM) je passujen na 6u ce 60Jbe pasymMeo TECTHU
setup W NPUAPYKEHH METO]| 3a NPEIH3HO JAepHHUCABE KoedHIMjeHTa Tpema I0J THHAMHYKHM
onrepehemeM. ACIEKT eKCIIEpUMEHTAIHEe METOJIOJIOTH]e KOja ¢ce TPEHYTHO KOPUCTH 3a JeQUHHUCAE
3aKOHa JUHAMHWYKOI TPpC€Ha U HBETOBU INTaBHU HEAO0CTAlU CY I/I}Z[CHTI/I(bI/IKOBaHI/I U JUCKYTOBAHMU. Ha
ocHoBy FEM ananuse, npeuioskeHa je HoBa METOJI0JIOTHja 32 MPOIEHY AMHAMUYKOT TPeka YBohemeM
KOHIIeTITa (haKTOpa KOPEKIHje KOjU Ce MOYKE KOPHCTHTH 32 KOPEKLHjy CTapHX eKCIIePUMEHTATHHUX
noJlaTaKa.

VY cryauju [8] pa3marpaHo je HCIIMTHBakE U yriopehrBame HEKOJIMKO MOJIesIa CHila TPea Koju ce OaBe
pa3IMUUTUM (EHOMEHNMA TPeHa y KOHTEKCTY JAWHAMHKE BHIIECTENIECHOT CHCTEMa. Y OBOj CTYAUJH je
ONMHMCAaH YKYMHO 21 pa3muuuT MoJeNl Cuie Tpeha W HUXOBE OCHOBHE (HM3MYKE W pavyyHCKE
KapaKTepUCTUKE Cy pa3MoTpeHe u yrmopehene y perasse. M3 nmoOujeHMX pesynrata MOxe ce
KOHCTAaTOBaTH Ja M M300p MOJENa CHIIe Tpema M YKJbYYEHHX Ilapamerapa Tpemha MOTY 3HadajHO
YTULIATH Ha CI/IMyJ'II/IpaHI/I/MOI[eHOBaHI/I JUHAMHWYKHU OA3MB MCXAaHUYKHUX CUCTEMaA Ca TPCHECM. OBa
CTy/AMja WIyCTpyje Ja 3a TNPaBWIHO MOJCIHpame, aHalu3ly W CHUMYJAlWjy MOoHallama TPema Yy
CHCTEeMHMa Ca BHIIIE TeJa, MOpa Ce YCBOJUTH ojAroBapajyhu Moaen Tpemwa Kaja je 3HauajHa IpHpojaa
pacunama eHepruje 1 lbeHa KBaHTH(UKAILMja, OH/Ia e MPENopydyjy JHHAMUYKKA MOJieH [8].

Jeman on petkux paaoBa Koju He Oa3mpa Ha ctpmoj paBHu, Beh Ha Euler-oBoj maeju ma ce mpeko
nudepeHLyjaHe jeAHaYnHe KpeTama OApean KUHEMAaTCKH KOoeHLHUjeHT Tpema 00jaB/beH je y
TEMaTCKOM yaconucy u3 obiactu tpudonoruje [9]. Ha Cnukama 1. (a-B) mpukasaH je peann3oBaHH
ypehaj mupoKkor criekTpa MOryhiHOCTH KOju CUMyNHpa paj BuOparmoHe miardopme (1.a), MEXaHUYKH
MOJIENT pacropena cuina Ha BuOparmonoj miardopmu (1.60) u portorpadcku nprkas rpaHysie mecka Ha
CHTY.
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Cuauka 1. PeanuzoBanu ypelaj mmpokor criekTpa MOryhHOCTH KOjU cuMyJIHpa paj BUOpaluoHe
mwiatdopme (a), MEXaHUYKH MOJIE] pacrope/ia Criia Ha BUOpaIuonoj miatdopmu (0) u pororpadcku
NpHKa3 TpaHyJlie ecka Ha CUTY (B)

Ha ocHOBY TeopHjcKuX pa3maTpara M3JI0KEHHX Yy JIMTepaTypHOM HaBoay [9] koeduuujeHT Tpema je
ojapehen Ha ocHOBY AudepeHIMjaliHe jeIHAYMHE KpeTamba IPaHyJie IecKa 10 CUTY. Y HaBEJIECHOM paay
M3JI0KEH je BeoOMa KOMIUIEKCaH TEOPHjCKH MOJIeN KOjU MaTeMaTHYKU NPE3CHTHPa YCIOBE JHHAMUYKE
paBHOTEXE TpaHyle Necka M edekTe NMPEeHOCHOT W PEeNaTHBHOI KpeTama Ha IPOMEHYy yOp3ama H
0JIoKaja (KOOpJIMHATE) T'paHyJie Necka Y (yHKIMjH BPEMEHa.

Kunemarcku KoeHUIMjEeHT Tpema ce, TeHEepalHO IOCMAaTpaHo, y CBUM YCJIOBHMa omnrepeherma
KOHTaKTa, MOXK€ OAPEIUTH MOTIIYHO APYradydjuM MeTojaMa y OIHOCY Ha moctojehe merone koje ce
3aCHHMBAjy Ha Mepemy HHBOa onrepelierba KOHTaKTa M Mepemy cuiie Tpema. [IpBa myOimkoBaHa
TEOpHUjcKa UCTPAKUBAKa Be3aHa 3a ojjpehBambe KHHEMATCKOT KOS(HIIN]CHTA TPEeHha MPEKO THHAMHYKE
jenHa4yrHe KpeTama Telia Hu3 cTpMy paBaH o0jaswuo je Euler 1748. rogune [10].

IIparehu Euler-oBy wuzejy, Bemuku Opoj TpuOOMeTapa HaMEHmEHHX 3a ojpeluBame KHHEMAaTCKOT
KoeuIIMjeHTa Tpemha pa3BrjeHu cy y okBupy LleHTpa 3a PeBuranuzanuja HHAyCTPHjCKUX CHCTEMA Ha
dakynreTy WHXKEHEPCKUX Hayka YHuBepautera y KparyjeBiy. Pesynrtatm uctpakuBama Koju
NPECTaBIbajy jeqHYy OJ PETKHX IMyOIMKOBaHUX eKCIIepUMEHTANHUX Bepudukaimja Euler-ose merosne
3a ojpehuBame KUHEMATCKOT KOC(QHIMjEeHTa Tpema MpeATaBbeHH Cy W myOnukammju [11]. YV
TEOPHUjCKOM M EKCIIEPUMEHTAIHOM CMUCIy rpymna ayropa [11], [12] naarpamuna je Euler-os reopujcku
MOJIEJI I0/IaBambeM peasiHo TocTojehe crie oTropa Ba3ayxa Koja ce, ca aclieKTa rpelraka Mepema Mopa
y3eTH y 003Up y YCIIOBUMa KpeTara TeJia HU3 CTPMY paBaH Ipu Behum Op3rHaMa KpeTama W/ il MaJTuM
BpeanoctiMa koedurmjenra. OcHoBe HaarpaheHor Euler-osor teopmjckor mopena Gasupajy Ha
Mepemy BpeMeHa Koje je MoTpeOHO Teldy Mace M 1a HU3 CTPMY paBaH mIpehe myT OyXKHHE S, IITO je
WUIIyCTPOBAHO LIEMOM JaToM AaTtoM Ha Cruim 2.
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Cunka 2. Kperame Tena HU3 CTpMy paBaH — aHanu3a cuia [11]

VY okBHpY najeer pa3Boja Euler -oBe merone u pesynrara my0IMKOBaHUX HCTpakuBama [12] moka3aHo
je ma ce OBEeM METOJOM MOI'Y KBAaHTHU(HMKOBATH EHEPreTCKM I'yOMLM HACTadM ycJleld Tpema U
HECaBpPIIIEHOCTH TeOMETPHje€ KOHTAaKTHHX MapoBa pena Benmmuune 0,01 J.

5 CymTHHA TEXHHYKOTI peliemha

CymTrHa TpeAsoKeHe METOJIe CBOAM Ce Ha YMIbEHUILY J1a ce Mo3HaBameM (MpahemheM U MEpeHeM)
IpoMeHe yria oOpTama y QyHKIHjH BpeMeHa, peKo AudepeHIrjaiHe jeJHadnHe KpeTamba Tela Mpu
00pTamy OKO HETTOMHUYHE 0CE, MOTY OJIPEANTH TPEHYTHE BPETHOCTH KHHEMATCKOT KOS(HIIN]eHTA TPeHha
y YMTaBOM CIIEKTPY Op3uHa oO0pTama Kpo3 Koje TeNo MpoJia3u O TPEeHyTKa MHUIMPamka KpeTama JI0
TPEHyTKa MpecTaHka oOprama. [IpemnokeHoM MeToJoM pa3Marpajy ce camo jaBa oj Beher Opoja
Moryhux ciydajeBa MHHIMpama KpeTama M IIOCTH3amba JAWHAMUYKOT onTepehema KIM3HHX HIIH
KOTpJbaJHUX KOHTAaKTHUX T1apoBa.

IIpBu pazmaTpanm cay4aj ce 0JHOCH Ha MaHyellHO (PYYHO) HHUIMPAmE KpeTama. Y OBOM CIydajy
pa3MaTtpa ce KOHTaKT, Tuma "pykaBall -jexaj". CTaTHdky W IWHAMHYKY KOMITOHEHTY JKEeJhEHOT
onrepehema koHTaKTa, 00e30el)yjy Mace Tena, KOHIEHTPUIHO U EKCIIEHTPUYIHO pacniopeheHe y ogHOCY
Ha ocy oOpTama. AKO ce eKCIIEpUMEHTATHUM IIyTeM OJpear 3aBUCHOCT IIPOMEHE yIiia o0pTama Tena y
(GyHKIMjU BpeMeHa, OHJIa je Ha OCHOBY JMHAMHUKE je[HAYMHE KpeTama Moryhe oJpenuTn TpeHyTHe
BPEIHOCTH KOS(HIMjEHTa TPEHha y YATABOM IIEPHUOJY BPEMEHa, O]l MHUIMPamka KpeTama 10 TPeHyTKa
mpecTanka oOpTama Tena. Metona oapehuBama KMHEMATCKOT KoeHIIMjeHTa Tpemha Y JUHAMUYKAM
ycloBuMa onrtepehiema KOHTaKTa, y OMIITEM Ciydajy, Oaszupa je Ha audepeHIujaTHoj jeAHaYrHU
KpeTama Tena oko HeromuyHe oce (Cruka 3.)

Ciuka 3. [llemaTcku nmprka3 pacropeia akTHBHUX U OTIIOPHUX CHJIA TIPU OOpTamy Telia OKO
HEIMIOMHUYHE 0CE
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Apyru__pasMaTpaHu _cjay4daj omHocH ce Ha MoryhHocT opapehuBama KHHEMaTCKOT
Koe(UIMjeHTa TpeHka KOTpJhamkha Yy YCIOBUMA WHUIUPaEka OOPTHOT KpeTama JUHAMUYKOM
ynapaom cwioM (Cruka 4.). HakoH MHHIIMpama KpeTama W MpecTaHKa JCjCTBA CIOJbAIIbe
cwie (Y IapHOT UMITyJIca) KpeTame ce HacTaBJba, Ipu 4emy onrepehenu nexaj (30Ha nexaja y
KO0jOj JI€JCTBY]Jy CHJIE OTIIOpA TPEH-a) IIPOJIa3H YNTAB CIIeKTap Op3uHa, 0] MAaKCUMaJIHE Op3UHE
y TPEHYTKY UHHUIPakha KPeTama, 10 IlEeHE HYJITe BPEAHOCTH MPHU 3ayCTaBJbakhy KpeTama.

Cauka 4. Uannupame kpeTama (00pTama) yJapHOM UMITYJICHOM CHIIOM

Kperame Tena ce onucyje nupepeHujalHoM jeJHaYMHOM
I%—?:ZMi:Ma+Mt+MW (1)

rze je | - maceHn MOMEHT MHepLHje, @ - yraoHa Op3uHa oOpTama, Ma - AAKTUBHU MOMEHT
KOJUM je MHULUPAHO KpeTawe, Mt - re3ynTyjyhn MOMEHT MHTErpajiHOT 30Mpa eleMEeHTapHUX
OTIOPHUX MOMEHAaTa Tpewa IO MOBPLIIMHM KOHTakTa, Mw - resynaryjyhu MoMmeHT oTmopa
BazIyxa.
AKO ce eKCIepHMMEHTAJHUM IyTeM OJpeAM 3aBUCHOCT IMPOMEHe yria olprama Teja y
(GyHKIMjU BpEeMEHa, OH/A je Ha OCHOBY JUHAMHUKE jeHauMHE KpeTama moryhe oapeauTu
TPEHYTHE BPETHOCTH KOE(PUIM]EHTa TpeHha Y YUTABOM MEPUOy O/l MHULMPamka KpeTama J0
TPEHyTKa MpecTaHKa oOpTama Tena.
3aHeMapuBamkEM OTIIOpa Basz[gyxa Kao BEJIMYMHE HIKET pella U IOCMaTpameM Mepuojia
KpeTama Tejla HaKOH WHULIUpamka KpeTama, JudepeHiidjaita jeqaadynia 1 cBou ce Ha 00K
IZ—?:ZMi:Mtthr (M, =0,M, =0) )
rrne je Mt - MoMeHT Tpema, Ft - pesynryjyha cuna Tpewma y KOHTaKTy, I - paJujyc Ha KojeM
aenyjy eneMeHTapHe cuiie Tpema (Crirka 4.).
Pesynrtyjyhu MOMEHT Tpema je jenHa Hero3HaTa BeIWYMHA y TU(EpeHINjalTHO] jeAHAYMHN
KpeTama 2 1 Ha ocHOBY Cimke 5. onpelhena je u3pazom:

M, =[[rdR =Fr (3
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KOJH YKYIHY CHJIy Tpea AcPUHUIIE KA0 WHTETPATHU 30Up €JIEMEHTApHUX CHJIa TPEHa 10
IOBPIIMHHA KOHTAKTA.

Camxa 5. Ilemarcku npuka pacropesia OTHOPHUX CHJIa TPEHa KIM3amba WIK TPemba KOTpJbamka
npu 00Tamy Tejla OKO HEMOMHUYHE 0Ce

Ha ocnoBy meme nare Ha Counu 3. cuia Tpewma Ft ce Moxe nepunucatd y (QyHKIMjU
KoeUIMjeHTa Tpema [, KOMIIOHEHTE CHJIe CTaTUIKOT oTepehema KoHTakTa Fs 1 KoMIoHeHTe
cuJie TMHaAMMUKOr ontepehema KoHTakTa Fq mpeko n3pasza

F = uF, =/,¢[(m+me)g —meRa)2 COS(p}
F,=(m+m,)g (4)

F, =m.Re’ cos¢
3aMeHOM BPEHOCTH CUJIe TPeHwa U3 jefHauuHe 4 y jenHauuny 2. 1o0uja ce jelHaunHa:

do
Iazy[(m+me)g—meRa)zcow] (5)

W3 koje cieau KOHaAYHH M3pa3 3a IPOpadyH BPeTHOCTH KHHEMATCKOT Koe(UIMjeHTa Tpewa Ipu
JTMHAMUYKOM onTepehery KOHTaKTa y pyHKIUjH yriia oOpTama 1 yraone Op3uHe

dt
H= R’ )
(m+m,)g-m,Re’cosp
Vraona 6p3I/IHa @ U YraoHo Y6p33H>e & MOry €€, Ha OCHOBY IIO3HATHUX TeOpI/IjCKI/IX n3pasa
OJApECINTH HYMCPHUUYKHUM JUPCPCHIHUPAKBLEM, I1a 3a JOBOJbHO MAJIC BPEAHOCTH IIPpU alraja Baxke
Onp yMEp P p P pup d
JEAHAKOCTHU:

w Im (7
dt a0 At

. o(t+At)-o(t) -
dt At—0 At

N3 HaBemeHMX TEOPH]CKHX pa3MaTpama MPOM3MIA3N Ja EKCIIEPUMEHTATHO ojpehuBame
3aBHCHOCTH IIpOMEHe yriia oOpTama Tena y (YyHKIMjU BpeMeHa, omoryhaBa onpehuBame
BPEIHOCTH KHHEMATCKOT KOe(HUIMjeHTa Tpema MpH JHHAMHYKOM omnTepehemy KOHTakTa y
YUTAaBOM IIEPUO/Yy BPEMEHA, OJ] MHUIIUpama KpeTama 70 TPeHyTKa IpecTaHKka o0pTama Tea.

Merononoruja oapehuBama KMHEMATCKOT Koe(HIlMjeHTa Tpema, Koja ce Mpeajiake OBUM
TEXHUYKUM peIIeeM, HeMa CYHITHHCKUX orpaHuuema. KoeduiujeHT Tpema ce Moxe

10
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OJIpeIUTH Y OMJIO KOjUM yCIUIOBHMA OCTBapHBama KOHTaKkTa. Mory ce MCIIUTHBATH KIM3HU U
KOTpJbajHH TAPOBH PA3IMUYUTHX TPOOJOUIKMX KApAaKTEPUCTHKA, INPH YEeMy C€ HHBO
cuMynupaHor ontepehema, pacrnoH Op3WHa KiM3ama WIM KOTpJbamkba, MOTY KpEeTaTH y
mUpOKOM pacnoHy. Ilpu demy ce OBOM METOJOM, MHOIO jE€IHOCTaBHMjE, Yy OJHOCY Ha
KOHBEHIIMOHAJHE METOJIe, CIUTUBAakba MOTY BPIIUTH IPH CHUMYJAIMjU PAa3TUUIUTHX HHBOA
TeMIeparypama KOHTAaKTa, W YOIITE, Pa3IMYUTUX ycJIoBa Koju Omke AepuHUIIY pan
peaTHNX TPUOOMEXaHWYKUX CHCTeMa (arpecuBHA CPEMHA, CHCTEM [10IMa3UBamba,...).

6 /[era/baH onMc TEXHHYKOT peliermha (YKbyuyjyhu u npatehe uanycrpanuje u
TeXHUYKe HPTeKe)

6.1 Ilpojekmoeamwe npeoz npomomuna ypehaja

[IpBu mporotun ypehaja peanuzoBaH je 3a MOTpede EKCIIEPUMEHTATHOT oApehuBama KHHEMATCKOT
KoeQUIIMjeHTa Tpekha y yCcIOBUMA TUHAMUYKH onTepehieHMX koHTakara. [Ipu yemy ce AWHAMHYKA
KoMIoHeHTa onrepehema 00e30el)yje mpeko eKCIeHTPUYHUX Maca a HHUITUPAkE KpeTarmha BPIIU PYYHO.
Vpehaj je komnoHoBan u3 25 enemenata-nosunuja (Tabena 1.) ox kojux je 9 cnenujanHo u3paheHux
eleMeHara, 9 CTaHAapIHUX MEXaHHYKUX eJIeMeHata a 7 elleMeHaTa YWHE CTaHJapJHe MEpHE |
elleKTpoHcKe komnoHenTe. Ha Cnuny 6. mprkasaH je CKIONHU HPTeX ypehaja ca cnennduKaiijom CBIX
eneMeHata ypehaja.

Ta6esa 1. Cnerudukaryja crenyjarHuX, CTAaHIAPIHIX, MEPHUX U €IEKTPOHCKAX KOMIIOHEHTH
easM30BaHor ypehaja ca KojuM ce BPIIM PYYHO MHUIMPAE KpeTamba

[0o3. HA3VB OIIUC KOM.
1 Croma ypehaja prex 6p. 02 2
2 Beprtukanau Hocau ypehaja prex 6p. 03 1
3 Beprtukanuu Hocau eHkoiepa ypehaja Iprex 6p. 04 1
4 L mpodrn 20x20x1.5 necHn Hptex 6p. 05 1
5 L mpodm 20x20x1.5 nmeBu Lptex 6p. 06 1
6 Spring washer DIN 128 — A6 [poceueHa nojyorika 3a M6 16
7 DIN 912 M6 x 10 — 10S Bujak y xBamurery 8.8 12
8 DIN 625 — 626 — Full, DE, AC, Full_68 Jlexaj 19x6x6 1
9 Rotary encoder LPD3806-600BM-G5-24C Enkonep 1
10 Enmactryna cnojHuIIa Lptex 6p. 07 1
11 OcoBuHa ypehaja Lptex 6p. 08 1
12 Yenuunu quck ypehaja Lprex op. 09 2
13 ®DuKCcaTOp YSHHIHOT AUCKA Lprex 6p. 10 2
14 DIN 912 M6 x 16 — 16S Bujak y xBamurery 8.8 4
15 DIN912 M5x 16 —S Bujak y kBanurery 8.8 2
16 ApnyuHo mio4a y kyhumry T'oToB KynIOBHHU €11€MEHT 1
17 USB mpukspydak I'oTOB KymIIOBHU €JIeMEHT 2
18 Kab6n USB-a ['0TOB KyNOBHHM €JleMEHT 1
19 Kabn Rotary encoder-a I'0TOB KyNOBHHM €JleMEHT 1
20 BykcHa I'oTOB KymOBHU €JIEMEHT 2
21 Spring washer DIN 128 — A3 [Ipoceuena noaomxka 3a M3 3
22 DIN 912 M3 x 20 — 20S Bwujak y kBaynurety 8.8 3
23 unkuia Tera Aucka Hptex 6p. 11 2
24 Ter nucka Lprex op. 12 2
25 DIN 916 — M4 x 5-S Bujak y xBamurery 8.8 2

Wunnupame Kperama BpLIM CE€ PYYHO NPEKO EKCLEeHTpa YelnuyHor jaucka (mosummja 13.). Pydno
WHUIIMPAH UMITYJIC IPEHOCH KpeTame (00pTame) npeko ocoBune (I[lo3unuja 11.) n enactuaHe criojHUIIE
(ITozunuja 10.) 10 pOTAIMOHOT €HKOJEpa KOjU je jeauHa MepHa KoMIIOHEeHTa ypehaja. Onrtepehenu

11
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nexaj ([Mo3unwmja 8.) cMmernteH je y Hocauy ypehaja (ITo3uinja 2.) ¥ CHMETPUYHO LICHTPUPAH Y OJTHOCY
Ha TOMpPEYHy OCYy HOcaua Tj. Jie)Kaja YIpecOBaHOr y Hocady, W onrtepeheH rpaBHTallMOHUM CHIIamMa
Macama niea aucka (Ilo3ummja 12.). C 003upom aa cy Ha auckoBuMma (Ilosunmja 12.) npuuspuihiena o6a
excieHTpa (mo3unyja 13.) mox UCTUM YTIIOM, TTPOW3MIA3H J1a UCITUTHBAHA JIeKaj IPUMa KOMIUIETHO
CTaTUYKO M JMHAMHUYKO onTepeherne.

33
R AT
)
&
POZ NAZIV OPIS KOM.
= al 1 | 1 [stopaurediaia | Crlez br. 02 2
2 |Vertikalni nosac uredicia 1
3 Ini nosac enkodera uredjoja 1
4 |Lpro 20x1.5 desni 1
. 5 |L profil 20x20x1.5 levi 1
) 3 4) 16 & Spring washer DIN 128 - A6 Prosecena podioskazaMé | 16
[ 6 7 |DIN912M6x 10108 | Viakukvaltetu88 | 12
9) = i 8 |DIN 625 - 626 - FUlLDEAC,FuL 68 I LeZaj 19x6x6 [
LOe 9 |Rotary encoder LPD3806-600BM-G5-24C Enkoder 1
Fj T 10 |Elasticna spojnica | Crtez br. 07 1
2) ol || | : . n :Usovr\o uredioja | Criez br, 08 )
of (20 12 |Celicni disk uredjaja Crtez br. 09 2
21 4 3 |Fiksator celicnog diska Criezbr. 10 2
i~ 8 ; 14 [DIN912M6X 16— 165 | Viak ukvaiitetu8.8 4
10 "1 5 IDIN916-M5x16-S Vijak u kvalitetu 8.8 2
2, 6 |Arduino ploca u kucistu | ni element 1
s J7 17 |USB prikljucak ni element 2
g 18 |Kabl UsB-a upovni element 1
e (13 19 |Kabl Rotary encoder-a otov kupovni element 1
= e e— £ 20 [Buksna | Gotov kupovni element 2
3 = 14 21 |Spring washer DIN 128- A3 | Prose&ena podloska za M3 3
g s 5 22 |DIN 912M3x 20 — 208 | Vijak u kvalitetu 8.8 3
24 % 1 23 [Sipkica tega diska Crtezbr. 11 2
= k 24 Teg diska | Criezbr. 12 2
12 . 3 25 |DIN 916-M4x5-S | Viiak u kvalitetu 8.8 2
7 23 n 2 Telsancss sbedl e s porliate et Tamntia cbeds
. JUS 150 2768-m
==
~| Dimenzie
Bromia Beaklops: 1
‘; ] | 1:5 | Sklopni crtez uredaja | L 1000 .
) | Den] o Tribometar a dinamitka ispitivanja| 3

Cauxka 6. CKJIONHM HPTEXK peann3oBaHor ypehaja ca cnerudukanijoM CeujaTHuX U CTaHIapIHUX
elleMeHara

Ha Cnumm 7. mar je mzomerpujcku npukaz CAD mozpena ypehaja nok je ma Cnunu 8. mpukasaHa
¢dotorpaduja peanuzosanor ypehaja.

Cauxka 7. Mzometpujcku npuka3z CAD mozena ypehaja

12
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Ciamka 8. ®ororpadcku npukas peannzoBaHor ypehaja

6.2 Ipojexmosame opyz0z npomomuna ypelaja

[pyru npototun ypehaja peannus3oBaH je 3a morpede eKCIEPUMEHTATHOT oapehrBama KMHEMATCKOT
KoeQUIIMjeHTa Tpemha y YCIOBUMa M3PAKEHOT TUHAMHUYKOT onTepelieha KOHTaKaTa Mpu UHUIHUPABkY
KpeTama. Y OBOM CIIy4ajy HHUIMPamke KpeTama BPIIH ce UMIUICHOM CUJIOM ynapa. Ypehaj je kpeupan
u3 nojckiona ypehaja Beoma cimuHOM PBOM IpoToTHIly ypehaja. KomOunoBamem noctojeher ypehaja
U pa3BOjeM HOBOT IOJICKJIONA (popMHpaHa je BeoMa (DyHKI[MOHAIHA eKCIiepiMeHTanHa nenuHa (Ciauka
9.), WITO je BEJIMKUM JICIIOM pa3jallibeHO Yy OKBHPY MOIJIaBJba TCOPUjCKUX pasmatpama (Ciuka 4.).
VYpehaj pyknuonuie no nASHTHYHOM NPUHIMITY Kao U MIPETXOAHO onucaHu ypehaj. Y oBoM ciydajy
HEMa eKCLEHTPUYHUX Maca Koje CTBapajy JUHaMHUYKy KOMIIOHEHTY onrtepehema. Kon oBor ypehaja
KOHCTaHTHY Macy NoOyhyje uMImyIc yjgapHe cuie, a MEpHH CUCTeM KBaHTH(UKyje TEepHOJ Tpajama
UMIIyJICa yaapa.

Cauka 9. ®ororpadcku nprukas3 QyHKIMOHATHE eKCIIEPUMEHTATHE [IeJIMHE KPeupaHe U3 Pa3BHjeHOT
nonckiona ypehaja u mocrojeher ypehaja

13
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Ha Cnunu 10. nprkasaH je CKIIOIMHHM I[PTEX pa3BUjeHOr ypehaja - MoACKIIoNa ca Crenu(UKaimujoM CBUX
enemeHara ypehaja. Ypehaj je komnonoBan u3 22 enemenata-nosunuja (TaGena 2.) ox kojux je 6
cneuujanHo u3pahieHux enemMeHaTta, 9 CTaHAAPIHUX MEXaHWUKHUX elleMeHaTa M 7 eleMeHara YHHE
CTaHJapJHE MEpHE W enekTpoHcke kommoHeHTe. CAD monen pasBujeHor ypehaja mpukasaH je Ha

Crmn 11.

10

22
e

TNazv Browis
Sklopmi crtez 01

1:5 | modularnog uredaja |wsin wodutarmi urece

ws [ A3

Cauxka 10. Cxnomau 1pTex pa3sujeHor ypehaja (I[lomckiomna) ca cnenudukanmjomM cCBUX CHEIHjaTHO

Pa3BHjEHUX U CTaHIAPIHUX eneMeHaTa ypehaja.Dororpadcku npukas peaan3zoBaHor ypehaja

Tabesa 2. Cnerdukaiiija crieijaiHuX, CTAaHIAPHUX, MEPHUX M €JICKTPOHCKUX KOMIIOHEHTH
caJTM30BaHOT ypehjaja ca KOjuM ce BPIIH PYYHO HHUIMPAKE KPEeTamha UMITYJICHOM CHIIOM yapa

1103. HA3UB OII1C KOM.
1 Beprukannu Hocau eHKoepa ypehaja Iprex 6p. 04 1
2 XOopHu30HTAJIHU HOCAY eHKojepa ypehaja 1
3 Spring washer DIN 128 — A4 2
4 DIN 912 M4 x 16 — 16S 2
5 Rotary encoder LPD3806-600BM-G5-24C Enkonep 1
6 Spring washer DIN 128 — A3 IIpoceuena moyiomnika 3a M3 3
7 DIN 912 M3 x 16 — 16S 3
8 DuKcaTOp YEIUUHOr AMCKA IIprex 6p. 10 1
9 DIN 912 M5x16 - S Bujak y kBanurety 8.8 1
10 UYenmunn guck ypehaja Lprex 6p. 09 1
11 Spring washer DIN 128 — A6 [MpoceueHa noasomka 3a M6 4
12 DIN 912 M6 x 16 — 16S Bujak y kBammrerty 8.8 2
13 I'ymenu npuxsar yjapa 2
14 DIN 967 M4 x 20 — Z — 18.6S 2
15 L mpodun 20 x 20 x 1.5 npuuBpcHH 2
16 DIN 912 M6 x 20 — 20S 2
17 Hexagon Nut ISO 4033 - M6 - W - S 2
18 Apnynno mioda y kyhumry I'0TOB KyNIOBHU €J1€MEHT 1
19 USB npukbydak ['0TOB KYNOBHU €JI€MEHT 2
20 BykcHa I'0TOB KyNOBHU €J1€MEHT 2
21 Kabun enkojepa 1
22 Kab6n USB-a 1

14
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Cauxa 11. Ilpukaz CAD monena peanmuzoBaHor ypehaja

6.3  Pa3zeoj namenckoz cogpmeepa

UuraB MepHU cucteM ypehaja cBoau ce Ha POTAlMOHM €HKOJIEP KOjU y TOKY jeHOr 00pTaja, IMpeKo
Opoja mmityica, Moxke KBaHTHHUKOBaTH 360, 640 Min BHIllE pa3IMIUTHX MPOMEHA yTia Y BpeMeHy. Y
OKBHpY TEOPH]jCKOT Jiefla IOKA3aHo je Ja Ce MPEeKO HH3a HyMEPUYKHUX BPEIHOCTH MpHpAIlTaja yria y
BpPEMEHY MOTY OJIpeJUTH HyMEPUYKH HU30BH BE3aHU 32 MPOMEHE YTaOHUX Op3vHa, yraoHuX yOp3ama,
Kao 1 HyMEpUYKH HHU30BU BE3aHHU 32 MPOMEHE Koe(HUIMjeHTa Tpemba.
Hamencku codtBep Tpeba, mocpenacTBOM apAyWHO €JIeKTPOHHKE, 1a OoMOTryhu moOujame u oOpamy
HYMEpPHUYKHX BpPEIHOCT IOMEHYTHX HH30Ba IPOMEHE YIJla, yraoHe Op3WHE, yraoHor yOp3ama H
KoeuIMjeHTa Tpema y QyHKIHUjU ycioBa ontepehema KoHTakaTa.
Ha Cnumm 12. mpuka3zaH. anropuram Toka codTBEpCKe MOIPIIKe MEpHOM cuctemy ypehaja. [llemom Ha
Crumm 13. mpukaszaH je anropuTaMCcKH TOK Be3aH 3a Kperpame U3BellTaja 1 Moryhe nsnasHe pesynrare
KOj€ Imporpam HyH.
Y okBHpY Kpeupama H3BEIITaja MporpaM Hyau nBe onnmje: Duiarep yKIby4YeH/HCKIbY4YeH. To
nojpasyMeBa MpHKa3 GUIATpUpaHUX Wi "cupoBHUX" HeQUITpHpaHUX mojaraka. Takohe mporpam Hyu
OIIIUjy YHOCA KOMEHTapa U uyBame nojaataka y oonuky EXCEL ¢ajna, npu uemy ce TH MOJAIH MOTY
oOpahuBaTH pPa3MTUUUTHM MAaTEMaTHYKO CTAaTHCTHYKUM mporpamuma. [Iporpam Hyau wu3nasHe
pesynrare y OOJNMKY JAWjarpaMCKuX IIpHKa3a eKCIePHMEHTAHO JO0HjeHe 3aBHCHOCTH ojpeheHHx
($u3NUKKX 1 TpUOONOMIKUX BeNMunHa, oosmka (Ciuka 14.):

e TpOMEHe yriia o0pTama y (QyHKIHjH BpeMeHa,
MpOMeHe yraoHe Op3uHe Y PYHKIHjH BPEeMEHa,
MPOMEHE YraoHOT yOop3ama y (yHKITHjU BpeMeHa,
poMeHe Koe(UIljeHTa Tpema y (pyHKIIHju BpeMeHa,
poMeHe KoehHIIHjeHTa Tpewa y QyHKINju JHHAMUYKE chite ontepeheha KOHTAKTa, ),
mpoMeHe Koe(hUIjeHTa Tpewka y (PyHKIUjU yraoHe Op3uHe U
poMeHe KoeHIrjeHTa Tpewma y pyHKIHju Op3uHe KIIN3amka y 30HU KOHTAKTa.

[Tpouenype Be3ane 3a kopuniheme ypehaja u codpTBepa caapxkane Cy y HaBEIEHUM aKTHBHOCTHMA!
[Ipuxspyueme anaparype vHa USB nopt

[Mokperame Windows armkanuje

[IpoBepa KOMyHHKAIIMOHUX MapaMeTapa (COmMport, Op3uHa npeHoca)

[posepa pesonyiuje kopuiheHor eHKoaepa (ToielaBamba — OCHOBHA MOJICIIABAHA)
[Nokperame KOMyHUKaIM]je (KOMyHHUKAIHja — KOMYHHUKAIMja CTapT)

VYHoC yna3HuX nojaraka 1 u300p METO/E HCTIMTHBamba (II0Jaly ce MOy cayyBaTH y 0asu —
yJla3HH [IOJIAM — YJIa3HU MOJALM 3alIaMTHTH/TIPOYUTATH)

IToxpeHnyTH Mepemwe

[locraBuTtu yrao Ha Hyiy

9. Ognpanutu Mepeme (noduje ce kpuBa yrao = f(Bpeme) Ha rpady)

ocouhrwdE

© N
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10.
11.
12.
13.
14.
15.

3aycTaBu Mepeme

OO0pucatu Mepemne (OIIUOHO)
HamnpaBuTu u3Beniraj
Yxipyueme ¢punrpa (OniroHo)

[lokymMeHTauuja TEXHUYKOr peLuera

Kpeupame u3Beinraja ca JoOOHjeHUM JTUjarpaMuMa
Kpeupame EXCEL ¢ajna ca nooujernmM noarma

ITOKPETAE ITPOTPAMA

2

ITOJIELLIABAE
CEPNICKE KOMYHHKAIIMJE
- Cepmycxn Tlopr
- bpsusa npesoca

2oy

v

VIIA3HH ITOJTAIT
Tocrasxa:

- Maca texa

- PenykoBasa JIy/iHa KIaTHA
- I'paBHTALHONA KOHCTAHTA
- MoMeHT HHepmje

- INoaynpeusnx nexaja

- MeToa HCIRTHBAILA

- Excn Maca

- JIaTym TecTHpamba

- Henumasarse ypamuio

v

KOMVYHHKAITUIA - CTAPT

-

ITOKPEHN MEPEBE

OBPUIIHN TIOJATKE F—

MEPEBE
- Tpagy: Yrao [rad] = f (spese [s])

v

HATIPABU U3BEILTAJ

>

TIOJIEIIIABAKE
PE3OJIVIIMIE EHKOJIEPA

- Pesanymja [imp/obr]

|

3ATIAMTH
] BA3A TIOJJATAKA J
HYJIOBABE CHCTEMA
- Vrao =0 deg

Cauka 12. AnropuraM TokKa cOpTBEpCKe TOJIPIITKE MEPHOM cUCTeMy ypehaja
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HATIPABH U3BEIITAJ

v

QUIITAP
Vispyden/MckibydeH

¥

KOMEHTAP

H3JIA3HU I[TOJJALTH

Jujarpamu:

- Koed. tpema = f (speme [s])

- Hopmamna cuaa [N] = f (spewe [s])

- Yraona Opsuma [rad/s] = f (speme [s])

- Yraono yopaame [rad’s2] = f (speme [s])

- Honmmamna cuia [N] = f (koed. Tpema)

- Koed. Tpema = f (Opiuna kmnsama [rad/s])

KPEWPAJ U3BEIITAJ
KPEHUPAJ EXCEL

3ATBOPU U3BEIITAJ

Cauka 13. AnropuTaMCcKy TOK BE3aH 3a Kpeupame U3BelITaja i n3jia3He pe3yJirtaTe Koje mporpam

HYy U
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Cauka 14. JlujarpaMcKy IpUKa3y U3 U3BEITaja 0 00aBJLEHOM HCIIUTHBAY
7 Ilybonukanuje Be3aHe 32 TEXHHYKO pelieHme

[Ipe mpujaBe TEXHWYKOT pelIewa, pe3ynraTH NoOujeHn Ha ypehajy 3a onmpehuBame KHMHEMATCKOT
Koe(uIMjeHTa Tpema JWHAMHYKM onTepeheHMX KOHTakaTa MyOJMKOBaHU Cy Y jEIHOM paay y
MeljyHapomHOM yacomucy kareropuje M23 u jeman pan je mpuxaheH 3a mrany y MelyHapomgHOM
Yaconucy kareropuje M23.

7.1  Paoy meljynapoonom uaconucy M23

Ljiljana BRZAKOVIC, Vladimir MILOVANOVIC, Vladimir KOCOVIC, Goran SIMUNOVIC,
Djordje VUKELIC, Branko TADIC, Relation between Kinetic Friction Coefficient and Angular
Acceleration during Motion Initiated by Dynamic Impact Force, Tehnicki vjesnik - Technical Gazette,
Vol.29, No.5, pp. 1622-1628, ISSN 1330-3651,2022, https://doi.org/10.17559/TV-20220408155435

7.2 Paody meljynapoonom uaconucy M23 — npuxeahen 3a wumamny

Lj. Brzakovié¢, V. Kocovié, S. Mitrovi¢, N. Busarac, B. Tadi¢, A method for determing of kinetic friction
coefficient under dynamic loading conditions, Romanian Journal of Physics, ISSN 1221-146X, 2022.
https://rjp.nipne.ro/accepted papers.html
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8 3akspyuak

Ha ocHOBy pesynrata TEOpHjCKUX U EKCIEPUMCHTAIHUX HCTPaXKHBamba, MPHUKA3aHUX Yy OBOM
TEXHUYKOM peliekhy, MPOU3IIA3u J1a ce KHHEMATCKH KOS(UIMjeHT Tpeha U y YCIOBHMA CIOKEHUX
JUHAMUYKHAX onTepehera KOHTaKkTa MOXKE BeoMa MOY3AaHO OIpeauTH Ha 0a3u JudepeHnujamHe
jeaHaYMHe KpeTama Tejla y NPUCYCTBY CHJIE OTIIOpa TPEba.

Mertononoruja oapehuBama koeduimjeHTa Tpema CBOAM C€ HAa MeEpEeme JBE OCHOBHE (U3MUKE
BEJIMYMHE, YITla 00pTamba U BPEMEHA, IITO Y TEOPHjCKOM U EKCIIEPUMEHTATHOM CMHUCIY UMa 3Ha4ajHy
MPEJHOCT y OTHOCY Ha KOHBEHLMOHAIHE METOZie opehruBama KoeQHIrjeHTa Tpema.

Yop3ame Takohe nmedwHHUIIE KOMIUIETHY IWHAMHUKY CaMOT Tporeca Tpema 0e3 yBohema molyna u
MOTEHIMjATHAX TPelIaKka Meperma, Koje y 3HaTHO Behoj Mepu MOry M3a3BaTH MEpHH HHCTPYMEHTH
(IMHAMOMETpPHU-CEH30pH CHIIe) 32 KBAHTU(HUKOBAHE HOPMATIHOT onTepehiema KOHTaKTa U CUJIE TPeba.
Uumennna 1a ce oBa Metoia 0a3upa Ha Mepely OCHOBHUX (DM3WUYKUX BEeIHMUYMHA (Bpeme, peleHn myT,
yrao oOprama) omoryhaBa ¢opMupame MOy3TaHHX MEpPHHX JlaHAalla W FHUXOB CMEINTaj BaH 30HE
KOHTaKTa, IITO 3HAaTHO IIOjeHOCTaBJbyje TPUOONIOMIKA HWCTPAKUBAaKka Yy YCIOBHMa BHCOKHX
TeMmIeparypa, KOHTpoJicaHe NyOMHE BaKyyMa, arpeCHBHO] CpPEIMHH M OCTAIUM CIIOKEHUjUM
YCIIOBHMA HCITUTHBAbA.

UznoxxeHy MeTomy KapakTepuille BHCOK HHBO TOY3IAaHOCTH AOOWjEHHX pe3yJTaTa Kao U BEIUKH
noteHuyjan wMoryhe nmpuMmeHe werome Yy cdepu oOpazoBama, HUCTpaXKHBama U pa3Boja
TpHOOINjarHOCTHYKE OTIPEME.

Mertononoruja oapehuBama KHHEMATCKOT Koe(HIIMjeHTa TPema, Koja ce pa3Marpa OBHM TEXHHUKAM
pelemeM, HeMa CYyIITHHCKUX orpaHnyemna. KoedhunmjeHT Tpema ce MoKe OJpeAUTH Y OUII0 KOjUM
YCIIOBHMa OCTBapuBama KOHTaKTa. MOry ce MCIUTHBATH KJIM3HU M KOTPJbajHU MAPOBU PA3TUUUTHX
TPOOJIOMIKMX KApPaKTePUCTHKA, MPU 4YeMy Ce HHBO CHMyJIHpaHor omntepehema M pacnoH Op3uHA
KITU3amba WM KOTpJbalba, MOTY KPETaTH y HIMPOKOM orcery. OBOM METOJIOM c€, MHOTO jeZJTHOCTaBHH]E,
Y OAHOCY Ha KOHBCHIIMOHAIHE MCTOAC, UCIIMTUBAbA MOT'Y BPIIWUTH ITPU CI/IMy.TIa]_[I/IjI/I Pa3IMIUTUX HUBOA
TEeMIepaTypamMa KOHTaKTa, M YOIINTE, PA3THYUTHX YCIOBAa KOjH ONIDKE NCQUHUINY pajJi peaTHHX
TpHOOMEXaHMYKHX crcTeMa (ATpeCcHBHA CpeIHA, CHUCTEM ITOMa3HBama, HUBO onrtepehema, ..).
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Relation between Kinetic Friction Coefficient and Angular Acceleration during Motion
Initiated by Dynamic Impact Force

Ljiliana BRZAKOVIC, VIadimir MILOVANOVIC, Vladimir KOCOVIC*, Goran SIMUNOVIC, Djordje VUKELIC, Branko TADIC

Abstract: The paper presents theoretical and experimental analyses of the kinetic friction coefficient of a ball bearing in conditions of rotational motion initiated by dynamic
impact force. A method has been developed and a measurement system allows the measurement of a kinetic coefficient of friction through the measurement of the angular
acceleration. This paper considers the friction caused by rotational motion initiated by the force impact impulse. After the external force (impact impulse) stops acting, the
motion continues, and the loaded bearing (i.e. the zone of the bearing in which the frictional resistance forces act) exhibits a broad spectrum of velocities, from the maximum
value at the moment of motion initiation to the zero value when motion stops, where the whole measuring system acts as a rotary encoder. Experimental results indicate a
high dependency between angular velocity and friction coefficient, similar to functional dependency. This paper proves that kinetic friction coefficient can be reliably measured
using the measurements of angle change and angular velocity. Analysed method has high potential in the diagnostics of energy loss in the tribo-mechanical systems.

Keywords: acceleration; energy; friction; impact

1 INTRODUCTION

The first published theoretical research related to the
determination of kinetic friction coefficient using the
dynamic equation of motion for a body moving down an
inclined plane was published by Euler in 1748 [1]. In the
paper "On the friction of solid bodies" [2], Euler analysed
the motion and expressed the coefficient of friction as a
function of time. His approach enables the determination
of the kinetic coefficient of friction based on experimental
measurements. Unfortunately, this method has not
experienced a broader expansion in the scientific field,
especially in the design of modern tribodiagnostic
equipment.

Papers based on (or related to) Euler's research are
mainly published in journals regarding physics education
[3-5]. For example, Alam et al. [6] deals with the dynamics
of rotational motion, developing a simple method for
experimental determination of friction losses. Applying the
relations between translational and rotational motion, they
indicated a linear dependence of the friction losses, i.e. the
moment of friction, on the angular velocity. Drosd and
Minkin [7] also used a simple laboratory device to study
the effects of friction between two discs coming into
contact while one disc rotates. The paper discussed the
dependence of kinetic friction coefficient on the stationary
disk radius, gravitational acceleration, and angular
acceleration of the disk. Sari [8] designed an Arduino-
based experiment to examine the sliding motion of the
object on an inclined plane. The acceleration and the
kinetic friction coefficient were determined. Siretean et al.
[9] proposed a device for finding the coefficient of rolling
friction using a sphere in contact with the inner surface of
a ring that rotates about a horizontal axis. The nonlinear
differential equation of motion was obtained for the
intended dynamic model. The oscillatory motion of the ball
and the eccentric equilibrium position have been
confirmed, and a dependency of equilibrium position on
the coefficient of rolling friction has been found. Marques
et al. [10] discussed the modelling of frictional effects in
the context of multibody dynamics formulation. The
example considered the impact motion of a simple journal
- bearing system. A static friction model was the most

suitable choice for modelling friction since it captures the
most relevant friction characteristics, requires a small
number of parameters and does not significantly increase
the computational time. On the other hand, a dynamic
model helps capture some more detailed phenomena, such
as frictional lag or pre-sliding displacement. Harris [11]
developed a  prediction  method  considering
elastohydrodynamic lubrication. The effects of the bearing
load, inner ring speed, and the number of rolling elements
on skidding of bearing were analysed. Jones [12] proposed
a mathematical model to calculate the motion of the
bearing. This theory was appropriate for the highspeed
bearing with a larger friction coefficient. Sopanen and
Mikkola [13, 14] proposed a dynamics model of a deep-
groove ball bearing, including the effect of a defect.
Nakhaeinejad et al. [15] developed a planar dynamics
model of bearing to analyse the dynamic responses of
healthy or faulty bearings. Laniado-Jacome et al. [16]
discussed the skidding behavior of bearing by using the
finite element method. Shao et al. [17] established a
bearing finite element model to investigate fault vibration
characteristics by seeding small defects at inner race, outer
race, and balls, respectively. The results indicated that the
vibration response excited by the defect at the outer race
was most intensive.

In the paper related to the microhardness test, Deng et
al. [18] provided a diagram of changes in friction
coefficient as a function of normal load and sliding
duration. Their results indicate that, under different contact
conditions, the friction coefficient increases with
decreasing normal load and increasing the number of load
change cycles. Results of the research related to the
slippage effect on wear loss induced by the rolling sliding
friction [19] show the variation in the friction coefficient
curves for three typical slippages at different friction
cycles. Under 0,17% slippage, the friction coefficient
remained at a low, stable value. However, the friction
coefficient value gradually increased to a high value when
the slippage increased, with some fluctuation. Results also
indicated that the cycle parameters have a negligible effect
on the contact state during the friction process. The paper
[20] proposed high-frequency vibration to mitigate the
effects of pre-rolling/pre-sliding friction on the settling
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time of rolling bearing nanopositioning stages. The
proposed method resulted in a 52% reduction in mean
settling time, i.e. the time needed to reach the target
positions in point-to-point positioning tasks, which would
otherwise be significantly prolonged due to pre-
rolling/pre-sliding friction. This research indicates the
complexity of the friction phenomenon and the need to
manage friction in an industrial environment. Duan et al.
[21] established a new static mechanical model to study the
rolling-sliding contact in the real-time non-clearance
precision ball drive, using the coupling coefficient
determined by the Carter narrow theory. The diagrams of
mechanical and geometric parameters simulated by the
finite element method indicate that the trend of change in
normal load has the shape of a sine function. It should be
noted that the value of the friction coefficient in [21] is
taken as a constant computer-simulated value. At the same
time, in this paper, the normal load of a bearing, achieved
by arotating mass, is an actual constant value, which could
not be said for the kinetic coefficient of friction. Namely,
depending on the contact conditions, the kinetic coefficient
of friction oscillates over time around the dynamic trend.
Hu et al. [22] analysed the rolling friction performance of
hollow spherical nano-MoS,/nano-TiO, (HSMT) and its
conversion from lubricant to photocatalyst. In all
experiments, values of friction coefficient ranged from
0,02 to 0,05. The friction coefficient values presented in
this paper were obtained at normal contact load of 21,5 N
and rolling velocities ranging from 0,03 to 0,06, not
exceeding 0,1 m/s. Considering the test conditions (normal
load up to 50 N and rolling velocities up to 0,1 m/s), the
obtained results are very compatible with the results
obtained by the conventional method [22], both from the
aspect of the friction coefficient scattering limits and from
the aspect of the dynamics of its change. One of a few
papers based on Euler's idea to determine the kinetic
friction coefficient using the differential equation of
motion was published [23]. In order to study the friction
between grains of granular material at motion, Mihajlovic
et al. [23] developed a method and physical model of a
vibrating platform. They have theoretically and
experimentally proven that the coefficient of friction
between sand grains and sieve can be reliably determined
using the dynamic equation of motion in real operating
conditions of the vibrating platform. The obtained results
are very compatible with the results obtained by standard
and considerably more complex methods. Although based
on Euler's approach, the presented research further
generalises the application of the method for significantly
more complex tribological processes than the study of
friction on an inclined plane.

Following Euler's idea, several tribometers intended
for the determination of kinetic friction coefficient were
realised [23-26]. The published results indicate a great
potential for this method in terms of an essential
understanding of dynamic processes, friction phenomena,
and a wide range of possible applications. Furthermore, the
determination of kinetic friction coefficient based on
differential equations of motion is, in essence, related to the
measurement of three base units of the SI system (mass,
time, and length), which is a significant advantage in a
theoretical, experimental, and technological sense.

2 METHODOLOGY

Methodology of the determination of the kinetic
friction coefficient proposed by this paper is based on the
initiation of the motion (of the rotating disk) using active
rotational moment acting over a short time interval, as well
as on the tracking of the changes in the rotational angle
over time. Fig. 1 provides a schematic view of the method.
Weight P with mass m freefalls from the height 4, hitting a
dampener a which absorbs the energy which initiates the
rotation of the disk RM with angular velocity . Weight P,
upon impact, continues the fall along the guide V until its
end, where it stops. The rotating disk is connected via ball
bearing to the rotational encoder RE which measures the
change of the angle ¢ over time. Rotational disk and the
contact zone in which friction is caused passes through an
entire spectre of angular velocities, from maximal, initiated
by the active moment, to the zero value of angular velocity
at the moment when the rotation stops. In this, dynamic,
system, the kinetic energy invested at the initiation of the
motion is reduced with every moment after the initation of
the motion, by the effect of the friction force F, until the
rotation stops.

Thus, the motion of the body upon the initiation of the
motion is based on the accumulated energy, in which case
the law of the rotational angle change over time defines the
value of the friction force F;. Motion can be initiated
manually, using an electromagnetic coupling, by the
impulse of the impacting force, or in some other manner.
This paper considers the motion initiated by the impacting
force, which is the most complex method of initiation,
which is why it is taken into consideration.

\%
i P
RM yd *
s o i
. Fa=m.g v

a =

Fw RE

[l 1 w

ey i I Ly L7 '
b = ' 7% ] = =

Figure 1 The distribution of active and resistive forces when the body rotates
around a fixed axis
(RM - rotating masses, RE - rotary encoder,F2- impulse impact force,Fw - air
resistance force, F: - resulting friction force at contact, w - angular velocity,p -
the angle of rotation, h - height, r - radius at which elementary friction forces act,
P - pin, V - cylindrical guide)

The method for determining kinetic friction coefficient
under dynamic loading conditions is generally based on the
differential equation of motion. The following equation
describes the motion of a body rotating around a fixed axis

(Fig. 1):
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do

[=-=2M; =M, ~M,~M, 0]

where: / - the mass moment of inertia; w - angular velocity;
M, - active moment initiating motion; M; - resulting
moment as the integral sum of the resistant moments of
friction over the contact surface; M,, - the resulting moment
of air resistance.

If the change in the body's rotation angle is determined
experimentally as a function of time, then, based on the
dynamic equation of motion, it is possible to determine the
current values of friction coefficient from the moment of
motion initiation to the moment when rotation ends.

After the action of an impulse of a force that initiates
the motion in a short time interval A, from the differential
Eq. (1) follows that the active moment equals zero (M, =
0), where A, < ¢. It means that in the stated time interval
(A < f) the motion continues without the active moment,
using the energy accumulated by the moment of impulse.

The air resistance force that creates the moment of
resistance M,, can be determined based on the drag
coefficient, the rotational velocity, and the size of a surface
the air resistance force acts on [26]. Based on the previous
research [26], it follows that for the velocity interval v <3
m/s the drag force can be neglected as a lower order
quantity, i.e.

M, =0, F, >0 )

Having that in mind, differential Eq. (1) can be written
in the following form:

do
I =Mi=Er 3)

where: M; - moment of friction; F;- resulting friction force
at contact; r - radius at which elementary friction forces act
(Fig. 2).

The resulting moment of friction is the only unknown
variable in the differential equation of motion. Based on
Fig.1, it is determined by using the expression:

M, = [[rdF, = Fyr 4)

which defines the total friction force as an integral sum
of elementary friction forces over the contact surface.

Based on the schematic representation provided in Fig.
1, the friction force F; can be defined as a function of the
friction coefficient:

Ida)

_dr
#= rg[Em] )

where ) m denotes the sum of all rotating masses loading
the bearing, and g denotes the gravitational acceleration.

Based on the known theoretical expressions, the
angular velocity and acceleration can be determined by
numerical differentiation:

t+At)—o(t
dt A0 At
t+At)—a(t
g:d_a): ]imM (7

dr  Ar—0 At

The stated theoretical considerations indicate that
experimentally determined change in rotation angle as a
function of time enables the determination of kinetic
friction coefficient from the moment when the effect of
active moment ceases and until the rotating body stops.

3 RESULTS

Experimental validation of the theoretical model was
realised on a preliminary device shown in Fig. 2.

i .‘ |.

Figure 2 Photographs of the device

The measuring system (rotary encoder), together with
accompanying Arduino electronics and developed
software, enables the formation of a database, online
monitoring of processes, and creation of test reports in
tabular and diagrammatic form for different experimental
conditions.

A total of 60 experiments were performed. In the first
series of 30 experiments, the dynamic loading was initiated
by the impulse impact force of a pin weighing 0,0487 kg
from a height of 0,21 m. During the second series of 30
experiments, the same mass initiated the dynamic loading
but from the height of 1,21 m.

Fig. 3 shows the experimentally obtained changes in
the angle and angular velocity increment, angular
acceleration and friction coefficient as functions of time
during one of 30 experiments in the first series.

For the same experiment, in Fig. 4 are given changes
in angular acceleration and a comparative presentation of
changes and differences between the experimentally
obtained friction coefficient and the friction coefficient
determined based on the presented theoretical model.
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Figure 3 Angle increment (Ag) and change in angular velocity (w), angular
acceleration (€) and friction coefficient () determined based on 177
measurements data in the period from the moment of motion initiation to the
moment when the rotation ends
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Figure 4 Change in angular acceleration (€), experimentally determined friction
coefficient (1) and theoretically determined friction coefficient (ur) during the
period from the motion initiation by the impact impulse to the moment when the
rotation ends

The diagram in Fig. 5 refers to the experimental data
obtained during one of the 30 experiments performed in the
second series. A combined diagram of the increment of
angle and angular velocity and the changes in angular
acceleration and friction coefficient (Fig. 5) provides a
more integrated picture of the process.

:ag&éw

Changes in angular acceleration and friction coefficient,
and increment in angle and angular velocity

-05

1 101 201 301 401 501 601 701 801 901 1001 1101 1201
Ordinal number of the experimental data
Figure 5 Changes in angular acceleration (&) and friction coefficient (1), and

increment of angle (Ag) and angular velocity (Aw) during the motion initiated by
impact impulse energy of higher values

High values of friction coefficient (Fig. 5, zone a) are
related to the moment of the effect of the active force and
active moment which initiate motion. The values of the
friction coefficient during the initation of the motion are
not relevant and are not considered in this paper. Upon the
cessation of the active moment the motion is based on the
accumulated energy of the impact (Fig. 5, zone b). The
diagramme in the Fig. 5 presents a highlighted border
between the time (vertical line) after which the motion and
the kinetic friction process act based on the accumulated
energy.

The diagram in Fig. 5 indicates that in a short period
of time after the motion initiation, the data scattering
reduces and increments of angle and angular velocity
maintain approximately constant values. Also, the
dynamics of the change in angular acceleration and friction
coefficient are identical.

Statistical processing of the first series of 30
experimental results confirmed that the theoretical
expression for calculating the friction coefficient (Eq. (5))
agrees with the expression obtained by processing
experimental data. Namely, the results of statistical data
processing define the friction coefficient as a product of a
constant and the angular acceleration, i.e.

dw
yz & 3

where the correlation coefficient equals one (R = 1). Also,
the experimentally determined constants in all 30
experiments are equal to 0,46073, which is identical to the
value of the constant defined by the presented theoretical
model (Eq. (9)), i.e.

100485875
rg[Em| 0,005-9,81-2,15

=0,46073 ©)

In the second series of 30 experiments, where the
motion was initiated by impulse energy of significantly
higher values, deviations of experimentally determined
values of constants in relation to the theoretical value of
0,46073 ranged from zero to 5%, with high values of
correlation coefficients (R > 0,995).

Tab. 1 presents the range of the measured output values
depending on the free fall height of the body / in the motion
zone based on the accumulated impact energy.

Table 1 The range of the measured output values depending on the free fall height
of the body h in the motion zone based on the accumulated impact energy

h/m At/s Aw /rad/s ¢ /rad/s? u

021 min 0,03736 0,000168 0,00203 0,00093
? max 0,14508 0,010386 0,26751 0,12325

121 min 0,01918 0,000001 0,00005 0,00002
? max 0,04146 0,021788 1,13550 0,52315

Energy balances, i.e. curves of changes in the kinetic
energy and energy of friction force work and the
differences between these energies, are provided in Figs. 6
and 7. The diagrams were obtained by statistical processing
of the results from one of the 30 experiments performed in
the first series with lower impact energy and one of the 30
experiments performed in the second series with
significantly higher impact energy.
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For each of the 184 measurements data from one of the
experiments in the first series (Fig. 6) and each of the 1406
measurements data from one of the experiments in the
second series (Fig. 7), energies were calculated according
to the following expressions:

E, =%Ja)2 (10)
4 = E, = rg[Em] uhg (11)
AE=E, — 4, (12)

Here, Ag refers to the experimentally determined value
of the angle increment as the difference between the (i +
1)-th and i-th angle data. Angle change is a constant whose
value is equal to Ap = 0,03141592 rad. The constants that
appear in the expressions above have the following values:
J=0,048587 kgm?, r = 0,005 m, g = 9,81 m/s? and Y m =
2,15 kg.
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Figure 6 Energy balances at small levels of impact impulse energy
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Figure 7 Energy balances at significantly higher levels of impact impulse energy

4 DISCUSSION

The proposed theoretical model for calculating the
kinetic friction coefficient agrees with experimentally
obtained results presented in the third chapter. The
scattering limits of obtained values for rolling friction
coefficients (Figs. 3 to 7) correspond to the scattering limits

of the results obtained by conventional methods based on
the measurement of friction force and contact load [22]. In
addition, the measurement repeatability was confirmed
through a large number of experiments.

The change dynamics in friction coefficient follow the
changes in angular acceleration and indicate the
theoretical, experimentally confirmed connection between
these quantities (Fig. 4) as a physical law. The energy
balance diagrams in Figs. 6 and 7 indicate that the work of
friction forces causes a decline in kinetic energy.
Accordingly, when the motion ends (Fig. 6), the difference
between kinetic energy and friction work is close to zero.
The energy balance diagram in Fig. 7 shows that the
motion did not stop and that the difference between kinetic
energy and friction works is of the order of 0,01 J, which
indicates the method's potential in quantifying very small
energy losses.

The literature analysis leads to the conclusion that
energy losses and friction phenomena are problems of great
interest in the field of research and development of modern
tribodiagnostic equipment. Tribometry methods for
experimental determination of the kinetic friction
coefficient are based on the measurement of friction force
at certain levels of normal contact load and velocity of one
contact element motion relative to another. Other contact
conditions (e.g. microgeometry of contact pairs,
temperature level in the contact zone, type of lubricant) can
vary within wide limits. Literature sources related to the
determination of kinetic friction coefficient under dynamic
loading conditions [9-22] indicate excellent compatibility
of conventional methods with the method presented in this
paper. The stated compatibility between the methods
follows from comparing the trends in the dynamic of
change in friction coefficient and the values of friction
coefficients.

5 CONCLUSIONS

Based on the theoretical and experimental research
results presented in this paper, it can be concluded that the
kinetic friction coefficient can be reliably determined based
on the differential equations of motion. The theoretical
relation between angular acceleration and coefficient of
friction was experimentally verified. Regardless of their
amplitude and frequency, changes in acceleration exist in
every dynamic system, and they can, to a great extent,
explain the enigma of the kinetic friction coefficient. The
authors of this paper consider acceleration as a kind of
physical and energy indicator of friction and energy
dissipation in tribomechanical systems.

The fact that this method is based on the measurement
of base physical quantities (time, distance travelled, and
angle of rotation) allows the formation of reliable
measurement chains and their location outside the contact
zone. It considerably simplifies tribological research in the
conditions of high-temperature levels, controlled vacuum
levels, or aggressive environments.

The high reliability of the results indicates a great
potential of the proposed method in the fields of research and
development of tribodiagnostic equipment.

The proposed methodology for determining the kinetic
coefficient of friction has no essential limitations. The
friction coefficient can be determined in any contact
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conditions. Sliding and rolling pairs of different
tribological characteristics can be tested, where the level of
simulated load and the range of sliding or rolling velocities
can vary in a wide range. With this method, tests can be
performed much simpler than using conventional methods
by simulating different levels of contact temperatures and,
in general, different conditions that more closely define the
operation of real tribomechanical systems (aggressive
environment, lubrication system, etc.).

Future research shall be directed towards the
application opportunities of the proposed method in the
conditions of the dynamic load of the contacts, in which
case shall the dynamic load be achieved with the masses
position excentrically in relation to the rotation axis, that
is, in relation to the inertia forces which theses masses
initiate. Also, future research shall be directed in the
domain of the motion initation using contactless
electromagnetic coupling which will significantly improve
the motion initiation system and expand the application
range of the proposed method. Future research should
focus on implementing the proposed method in tribo-
diagnostics of real industrial tribomechanical systems, in
terms of quantifying energy losses caused by friction in
finished industrial assemblies related to the drive shafts and
bearing.
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Abstract. In general, the kinetic friction coefficient can, under any contact loading condition, be
determined using methods completely different from the existing methods based on the measurements of
contact load and friction force. The proposed method refers to the determination of kinetic friction
coefficient using the dynamic equation of motion for a rotating body, where the active force acts on the
rotating body only at the initial moment of motion, while body masses, which are concentrically and
eccentrically distributed in relation to the axis of rotation, provide a static and dynamic component of a
desired 'sleeve-bearing' contact load. If the body angle of rotation change is experimentally determined as a
function of time, then, based on the dynamic equation of motion, it is possible to determine the current
friction coefficient values for the entire time period from the start of the motion to the rotation stop. It can
be said that acceleration is a physical and energy indicator for friction and energy dissipation in
tribomechanical systems, and that it defines the complete dynamics of the friction process itself.

Key words: Kinetic friction coefficient, dynamic contact load, dynamic equation of motion,
angular acceleration.

1. INTRODUCTION

The first published theoretical research related to the determination of kinetic
friction coefficient via the dynamic equation of motion for a body moving down an
inclined plane was published by Euler in 1748 [1]. In a paper “On the friction of
solid bodies” [2], published in 1750, Euler analyzed the motion of a body down an
inclined plane and expressed the coefficient of friction as a function of time. His
approach enables the determination of the kinetic coefficient of friction based on
experimental measurements. Unfortunately, it is safe to say that this method has
not experienced a wider expansion in the scientific field and, especially in the field
of design of contemporary tribodiagnostic equipment.

Romanian Journal of Physics XX, XYZ (2022)
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Papers based on (or related to) Euler's research are mainly published in
journals regarding education in the field of physics. Examples of this are papers
based on analysis of the motion of a body on an inclined plane, that start from the
equation of motion and establish relations between the coefficient of rolling
friction and acceleration [3, 4] or follow nonlinear changes in the coefficient of
rolling friction as a function of energy 'losses' [5].

In the education field, Alam J. et al. [6] deals with the dynamics of rotational
motion, developing a simple method for experimental determination of friction losses
based on the moment of inertia of a disk that is alternately rotating clockwise and
counterclockwise. Applying the relations between translational and rotational motion,
they indicated a linear dependence of the friction losses, i.e. the moment of friction, on
the angular velocity. Drosd R. and Minkin L. [7] also used a simple laboratory device
to study the effects of friction between two discs coming into contact while one of the
discs rotates. The kinetic friction coefficient was determined based on a few basic
parameters, namely, it was concluded to be dependent on the stationary disk radius,
gravitational acceleration, and angular acceleration of the disk.

The specifics of motion of a disk rotating on a flat surface, in the field of
education also known as 'Euler's disc', have often been examined in a literature. In
addition to a review of papers on this topic, C. Le Saux et al. [8] proposed a
numerical model of such motion, using Euler parameters, i.e. quaternions for
parametrization of the variable orientation of the disc, taking into consideration
limitations of contact parameters and different types of friction models.

In the field of applied research, Fujii, Y. et al. [9] proposed a method for the
determination of the dynamic coefficient of friction in a linear bearing, which is based
on a modification of the Levitation Mass Method (LMM) and the application of a laser
interferometer. Unlike conventional methods for determining bearing friction, which
employ force transducers [10] or standard-defined inclined plane-based tests [11],
Fujii, Y. et al. [9] directly measure the force acting on the moving part of the bearing,
expressing it as a product of mass and acceleration of the center of mass.

T. Jankowiak et al. [12] provide an optimal analysis for an accurate assessment
of the dynamic coefficient of friction using a tribometric device. To better understand
this method of precise coefficient of friction definition under dynamic loading, a three-
dimensional finite element model (FE) has been developed. Based on the FE analysis,
a new methodology for the determination of the dynamic coefficient of friction by
introducing a correction factor has been proposed. This correction factor depends on
the initial velocity and pressure for any coefficient of friction value.

F. Marques et al. [13] examined and compared several friction force models
concerning different friction phenomena in the context of multibody system dynamics.
On one hand, static friction models are generally simpler and they describe the
stationary behavior of the friction force. However, most of them display an inability to
properly ‘capture’ the effects of friction. Several static models present a discontinuity of
the friction force at zero velocity, which can cause numerical instability during
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dynamic simulation. On the other hand, dynamic models use extra state variables in
order to account for additional physical friction phenomena. These models are more
complex and require the determination of a larger number of parameters. Friction
models show a more significant difference in acceleration, mainly with the presence of
changes in the velocity direction. In general, for detailed modeling of the friction
phenomenon, it is necessary to use a friction model with a large number of parameters.
In the most cases, these parameters need to be experimentally determined.

One of a few papers based on Euler's idea to determine the kinetic friction
coefficient using the differential equation of motion was published in a thematic
journal in the field of tribology [14]. In order to study the friction between grains of
granular material at motion, Mihajlovic et al. [14] developed a method and physical
model of a vibrating platform. They have theoretically and experimentally proven that
the coefficient of friction between sand grains and sieve can be reliably determined
using the dynamic equation of motion in real operating conditions of the vibrating
platform. The results of this research indicate that the coefficient of friction can, even
in this otherwise very complex process, be determined based on the differential
equation of motion for a granule of sand. The obtained results are very compatible with
the results obtained by standard and considerably more complex methods. This
research is based on Euler's research but at the same time, it generalizes the application
of the method for significantly more complex tribological processes compared to the
study of friction for a body moving down an inclined plane.

Following Euler's idea, a large number of tribometers intended for the
determination of kinetic friction coefficient were realized within the Center for
Revitalization of Industrial Systems at the Faculty of Engineering, University of
Kragujevac. Results of the published research [14-17] indicate a great potential for
this method in terms of an essential understanding of dynamic processes, friction
phenomena, and a wide range of possible applications. The method of
determination of kinetic friction coefficient based on differential equations of
motion is, in essence, related to the measurement of three base units of the SI
system (mass, time, and length), which is a significant advantage in a theoretical,
experimental, and technological sense.

2. THEORETICAL BASIS OF THE METHOD

The method for the determination of kinetic friction coefficient under
dynamic loading conditions is, in general, based on the differential equation of
body motion. The motion of a body rotating around a fixed axis (Figure 1) is
described by a differential equation:

dw
I-E=2Mi:Ma—Mt—MW (1)
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where: | - mass moment of inertia; w - angular velocity; M, - active moment initiating
motion; M, - resulting moment of the integral sum of the elementary resistant moments
of friction over the contact surface; My - resulting moment of air resistance.

- -/ e

Fig 1. — Schematic representation of the distribution of active and resistive forces when the body is
rotating around a fixed axis.

If the body's angle of rotation change is experimentally determined as a
function of time, then, based on the dynamic equation of motion, it is possible to
determine the current friction coefficient values for the entire time period from
motion initiation to the moment body stops to rotate.

After the action of an impulse of a force which, in a short time interval Ay
initiates motion via the active moment M, from the differential equation (1), for a
time interval Ay<t it follows that M,=0, which means that in the stated time
interval (Ayp<t) the body's motion continues without the presence of the active
moment, using the energy accumulated by the moment of impulse.

The drag force which creates the moment of resistance M,, can be determined
based on the drag coefficient, the rotational speed and the size of a surface the air
resistance force acts on [17]. Based on the research results [17] it follows that for the
speed interval V<3 m/s the drag force can be neglected as a lower order quantity, i.e:

M,=0F, -0 (2)
Having that in mind, differential equation (1) can be written in the following
form:
dw
where: Mt - moment of friction; Ft - resulting friction force at contact; r - radius at
which elementary friction forces act (Figure 2).

The resulting moment of friction is the only unknown variable in the differential
equation of motion and based on Figure 2 it is determined by the expression:
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Mt=ffr-dFt=Ft-r (4)

which defines the total friction force as an integral sum of the elementary friction
forces over the contact surface.

Fig. 2. — Schematic representation of the distribution of the sliding friction or rolling friction resistive
forces when the body rotates around a fixed axis.

Based on the schematic representation given in Figure 1, the friction force F,
can be defined as a function of the coefficient of friction, the component of the
static contact load Fs = (m + m,) - g and the component of the dynamic contact
load Fg=m, - R - &’ - cosg by equation:

Fo=p-Fy = - [n+m,)- g —me-R-? - cosg] ©)

Substituting the friction force value from equation (5) to equation (3) gives
the equation:
do 5
I'E—u-r-[(m+me)-g—me-R-w - cos@] (6)
From (6) follows the final expression for the calculation of the kinetic
friction coefficient value under dynamic loading conditions as a function of the

angle of rotation and angular velocity.
;. do
dt
r-[(m+m,) -g—m, R-w?-cosp] ()

H:

Based on the known theoretical expressions, angular velocity and angular
acceleration can be determined by numerical differentiation using expressions:
"= do _ lim @(t+At) — p(t) ®
dt At—0 At
_ d_a)  lim w(t + At) — w(t) )
dt  At-0 At

€
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From the previously stated theoretical considerations, it can be concluded
that experimental determination of change in angle of rotation, as a function of
time, enables the determination of kinetic friction coefficient value under dynamic
loading conditions, for the entire time period, from motion initiation to the moment
when body stops to rotate.

3. EXPERIMENTAL VERIFICATION OF THE THEORETICAL MODEL

Experimental verification of the previously stated theoretical model was
realised at a preliminary device shown in Figure 3.

Fig. 3. — Device for determining the coefficient of friction of dynamically loaded bearings.

The device consists of a mount (position 1) to which the bearing housing is rigidly
attached (position 2) in which the test specimen is situated (a rolling-element bearing).
Two discs of the same shape and mass (position 3) are placed at the same distance on
both sides of the rolling bearing, representing a symmetrical loading of the bearing m.
Smaller weights (position 4) are attached to the discs (position 3) at a distance R from
the bearing axis, representing an eccentric mass me. The m, mass provides the dynamic
bearing load during the testing. Thin shaft (position 5) transmits motion from the rolling
bearing inner ring, via an elastic coupling (position 6) to a rotary encoder (position 7)
which registers the change in angle of rotation as a function of time and which is the
only measuring component necessary to determine the kinetic friction coefficient.

Customized software has been developed, based on the previous equations,
which enables the display of current kinetic friction coefficient values, for the given
loading conditions, throughout the entire time period of rotation, by using Arduino.

This software provides numerical values and diagrams of the friction coefficient
as a function of time, as well as change in sliding speed, change in the normal contact
load F,, and changes in the angular velocity o and angular acceleration € with time, for
the known input values (total mass m = 4.3 kg, eccentric mass me = 0.3 kg, mass
moment of inertia | = 0.02441 kgm?, eccentricity R = 0.075 m and bearing radius r =
0.005 m). Figures 4 to 8 show the corresponding diagrams.
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Fig. 4. — Friction coefficient change during time, for three different dynamic contact load levels.

The change in angle with time is shown in Figure 5a, the change in angular

velocity with time is shown in Figure 5b, and the change dynamic contact load
with time is shown in Figure 6, and they all in correspondence with the change in

the coefficient of friction diagram shown in Figure 4.
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Fig. 6. — Change in the level of the dynamic contact load as a function of time.
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Comparative diagrams of change in angular acceleration and change in the
coefficient of friction as functions of time are shown in Figures 7a and 7b.
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Fig. 7 — Diagrams of change in angular acceleration (a) and change in the coefficient of friction (b) as
functions of time.

A comparative diagram of change in the coefficient of friction with time, due
to elimination — disassembly of the eccentrically positioned mass (shown in Figure
3 at position 4) and a large reduction in the dynamic contact load component is
shown in Figure 8.

08

0.6

04
1R | Sl
0.2 ‘ | |
" \ ) L
i Wi o J‘\.‘-n o

Angular acceleration, rad/s®

02 0 10 20 30 40 50 60 70

0 10 20 30 40 50 60 70

T § Time, s

(@) (b)

Fig. 8. — Diagrams of change in the coefficient of friction (a) and angular acceleration (b) with time
due to a reduction in the dynamic contact load component.

Diagrams of change in angular velocity and change in the normal contact
load level shown in Figure 9 (a, b) correspond to the diagrams shown in Figure 8.
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The influence of the dynamic contact load component for the stated test
conditions is illustrated in Figure 11 by a comparative diagram of the change in the
coefficient of friction for a relatively short time interval.
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Fig. 11. — The influence of the dynamic contact load component illustrated by a diagram of the
change in the coefficient of friction for a relatively short time interval.

4. DISCUSSION

From the literature analysis, it can be concluded that energy losses and the
friction phenomenon are very interesting problems in the field of education,
research, and development of contemporary tribodiagnostic equipment. Kinetic
friction occurs during the relative motion of two bodies in contact, during the
action of a force or a moment that provides the motion. Tribometry methods for
experimental determination of the kinetic friction coefficient are based on the
measurement of friction force at a certain level of normal contact load and a certain
speed of relative motion of one contact element in regards to another, while the
other contact conditions (microgeometry of contact pairs, temperature level in the
contact zone, type of lubricant, etc) can be varied within wide limits. Research
results related to the determination of the kinetic friction coefficient under dynamic
loading conditions, using the conventional methods, are presented in papers [12,
18] and, in general, they indicate great compatibility of conventional methods with
the method presented in our article. The stated conclusion of compatibility between
the methods arises from the comparison of trends in the dynamics of changes in the
coefficient of friction and the obtained values of coefficients of friction according
to conventional methods and the method proposed here.

Based on analysis of differential equation (1) describing the motion of a body
rotating in the presence of the resistive force of friction, that equation should be
valid regardless of the tribometry method used for determination and measurement
of the friction force value.



11 A Method for Determination of Kinetic Friction Avrticle no. XYZ

In the case of conventional methods based on friction force measurement, it
follows that differential equation (1) will be satisfied only when the angular
acceleration is € = dw / dt — 0, which these methods already imply. In order for the
angular acceleration value to be zero, the angular velocity must be constant. Different
types of electric motors (synchronous, induction, and DC motors) are the most
common driving elements in tribometers. It a fact that the actual number of revolutions
of an electric motor in real operating conditions can significantly deviate from the
nominally declared number of revolutions, especially for induction and DC motors.
That depends on the installed engine power, engaged engine power, and other factors.
Even the small short-term deviations in angular velocity can lead to significant changes
in angular acceleration value (¢ = dw / df) that, when multiplied by the mass moment
of inertia (1), leads to a certain measurement error value.

The proposed method for determination of the kinetic friction coefficient
under dynamic loading conditions indicates a theoretical dependence between
angular acceleration and the coefficient of friction. The diagrams in Figures 7 and
8 clearly show that the trend of changes in the coefficient of friction follows the
trend of changes in the angular acceleration.

From the equation (7), when m, = 0, follows:

9@
y= dt
rom-g (10)
This means that the coefficient of friction under 'static' contact loading
conditions is equal to the product of a constant and the angular acceleration, i.e.:

dw
I'E dw
r-m-g dt (
where constant C depends on the contact conditions and equals:
1
C=—
rem-g (12)

From the diagrams in Figures 7 and 8, it can be seen that the experimentally
obtained functions of the change in the coefficient of friction and the change in the
angular acceleration have an identical responses at all times. Experimental functions
which are shown in Figures 7 and 8 are graphical illustration of the software
processing of more than 6000 raw data points related to the current values of measured
angle and time. The values of angular velocity, acceleration and coefficient of friction
were calculated according to the theoretical model presented in this paper. Almost
identical shape of the curves exhibited for the angular acceleration and the friction
coefficient strongly indicate that we can consider acceleration to be closely connected
with friction coefficient and can be taken as its indicator.



Article no. XYZ Lj. Brzakovic, V. Kocovic, S. Mitrovic / et al.
12

Equation (7) for a general case, which defines the coefficient of friction, for
specific experiment conditions, can be written in the form:

C1 - €
C, — C3 - w? - cosg (13)
where constants C; (i =1, 2, 3) have defined values, i.e.:

‘L[:

Ci=1;C=r-[(m+me)-g], C3=r-me-R

Coefficient of friction x defined by the equation (13), in a mathematical
sense, represents a complex function of angle ¢ and angular velocity squared «®.
If regression analysis with linear function:

u=k-¢ (14)

is performed on experimentally obtained series of values of acceleration and
coefficient of friction, which for one performed and shown experiment amounts to
around 6000 data for each of them, very high correlation were obtained with
correlation coefficients close to one, for all performed experiments. Obtained constant
values K; (i=1, 2, 3) were almost the same and for the demonstrated experiments they
are in the range of 0.08358 + 0.0849, with a maximum deviation of as little as 1.3%.

Based on the equations (13) and (14) it follows that the experimental data
processing provided very similar equation:

Cl €

k-e= 15
€ C, — C3 - w? - cos (15)

where the constant k is:
Gy

k =
C, — C3-w?-cosg (16)

From the equation (3) arises the theoretical relation between the friction force
and angular acceleration, as:

d -4 I
w
=M =F 7> F = Tdt=;-s (17)

It is obvious that the friction force is, in this case, the product of the ratio of
two constants, |/ r and angular acceleration &, which, in a theoretical sense, shows
the angular acceleration as a kind of indicator for the friction phenomenon.

5. CONCLUSIONS

Based on the results of theoretical and experimental research presented in this
paper, it can be concluded that the kinetic friction coefficient, under complex dynamic



13 A Method for Determination of Kinetic Friction Avrticle no. XYZ

contact loading conditions, can be quite reliably determined based on the differential
equations of body in motion, in presence of the resistive friction force. The
methodology for determining the coefficient of friction has been reduced to measuring
the two basic physical quantities, angle of rotation and time, which has a significant
advantage over conventional methods for determination of the friction coefficient,
from both the theoretical and experimental approaches. Our experimental verification
has indicated theoretical relation between angular acceleration and coefficient of
friction. Changes in acceleration, at any amplitude and frequency, exist in every
dynamic system and they can largely explain the enigma of the kinetic friction
coefficient. The authors of this paper consider acceleration as a kind of physical and
energy indicator of friction and of energy dissipation in tribomechanical systems.

This method is especially significant in the field of education and essential
understanding of the friction phenomenon. The fact that this method is based on
the measurement of basic physical quantities (time, distance traveled, angle of
rotation) allows the formation of reliable measurement chains and their location
outside the contact zone, which considerably simplifies tribological research in
high-temperature  environments, controlled vacuum levels, aggressive
environments, and other extreme conditions.

Here presented method showed high reliability of the results, thus indicating great
potential for the application in research, and development of tribodiagnostic equipment.
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